CURVES AND LINE BUNDLES ON DEL PEZZO SURFACES 
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Abstract. We extend the results of Pareschi [ |Pa[ on the constancy of the gonality and 
Clifford index of smooth curves in a complete linear system on Del Pezzo surfaces of 
degrees > 2 to the case of Del Pezzo surfaces of degree 1, where we explicitly classify 
the cases where the gonality and Clifford index are not constant. We also classify all 
cases of exceptional curves on Del Pezzo surfaces, which turn out to be the smooth plane 
curves and some other cases with Clifford dimension 3. Moreover, the property of being 
exceptional holds for all curves in the complete linear system. 

Furthermore, we relate the Clifford index and gonality of smooth curves in \L\ to the 
higher order embedding properties of \L + Ks\. More precisely, we show that for a nef 
line bundle L on a Del Pezzo surface, L + Ks is birationally fc-very ample if and only if 
all the smooth curves in \L\ have gonality > k + 2, and we also find numerical criteria for 
birational fc-very ampleness. 



1. Introduction 

The three main purposes of this paper are (1) to study the gonality and Clifford index 
of linearly equivalent smooth curves in \L\ on a Del Pezzo surface of degree 1, (2) to 
relate these concepts, for Del Pezzo surfaces of any degree, to properties of the line bundle 
Os(L + Ks), more precisely to the birational k-very ampleness of Os(L + K$), a notion we 
introduced in [jKn|| , and (3) to classify all cases of exceptional curves on Del Pezzo surfaces. 

In the past decades, several authors have studied the question whether exceptional linear 
series on a curve C on a certain surface propagate to the other members of \C\. For instance, 



for a K3 surface, Saint-Donat proved in [3D] that C possesses a g\ or a g\ if and only if 



every smooth curve in |C| does, and Reid |MRe| extended this result to other g\s. Harris 



and Mumford conjectured that linearly equivalent smooth curves on a K3 surface have 



the same gonality, but a counterexample of Donagi and Morrison [D-M] proved this to be 



false. This led Green [Gr| to modify the conjecture to the effect that linearly equivalent 



smooth curves on a K3 surface have the same Clifford index. This was proved by Green and 



Lazarsfeld in the famous paper [G-L]. Moreover, the Donagi-Morrison counterexample is 
still the only example known where the gonality is not constant, and Ciliberto and Pareschi 
| C-P| ] proved that this is indeed the only counterexample if Os(C) is ample. 



The results of Green and Lazarsfeld were extended to Del Pezzo surfaces of degree > 2 
by Pareschi in [Pa|. In fact, he showed that for degS" > 2 the Clifford index of the smooth 



curves in a linear system \L\ containing a smooth curve (which is equivalent to L being 
nef) such that g(L) > 4 is constant, and that the gonality also is when g(L) > 2, except 



for the following case [Pa, Example(2.1)]: 

Case (I): degS = 2 and L ~ —2K$ (in particular g(L) = 3). In this 
case there is a codimension 1 family of smooth hyperelliptic curves in |L|, 
whereas the general smooth curve is trigonal. 
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More precisely, denote by <fi : S — > P 2 the morphism defined by —K$, 
which is a double cover ramified along a smooth quartic. Then 

H°(L) = (/)*H {O P 2(2))(BW, 

where W is the 1-dimensional subspace of sections vanishing on the ramifi- 
cation locus. The smooth curves in the first summand are double covers of 
conies, whence hyper elliptic, whereas the general curve in the linear system 
maps isomorphically to a smooth plane quartic and is therefore trigonal. 



By work of Serrano [Se] there is an example when deg5" = 1 (namely L ~ —nKs, for 
n > 3) where neither the gonality nor the Clifford index is constant (see Example [4.3| 
below). This shows that the situation is more subtle for degS 1 = 1. 

We will classify all the cases for deg S = 1 where the gonality and the Clifford index are 
not constant, which will include the example of Serrano. 

More precisely, we will show that the Clifford index is constant when deg S = 1 , except 
precisely for the case (III) below, and that the gonality is constant except precisely for the 
cases (II) and (III) below: 

Case (II): degS = 1 and L ~ — 2Ks + 2F, for a (— l)-curve V (in particular 
g(L) =3). In this case there is also a codimension 1 family of smooth 
hyperelliptic curves in \L\, whereas the general smooth curve is trigonal. 

and 

Case (III): deg 5 = 1, L is ample, L.T > 2 for all (-l)-curves r if L? > 8, 
and there is an integer d > 3 such that I? > 5d — 8 > 7, L.K$ = —d, 
L.C > d for all smooth rational curves C with C 2 = and L.C > d + 1 for 
all smooth rational curves C with C 2 = 1 if (d,L 2 ) = (4,8). 

In this case there is a codimension 1 family of \L\ of smooth (d— l)-gonal 
curves (which are exactly the smooth curves passing through the base point 
of K$), whereas the general smooth curve is d-gonal. 

If g(L) > 4, then the smooth curves in the codimension 1 family have 
Clifford index d — 3, whereas the general smooth curve has Clifford index 
d-2. 

The three easiest examples of Case (III) are L ~ —dK$ for d > 3 (precisely the 



case described by Serrano [|SeJ, see Example £L3j below and also [|Pa| , Example(2.2)]), 

L (d- l)K s + T, for d > 3 and a (-l)-curve T, and L (d - 2)K S + R, for 

d > 4 and a smooth rational curve R with R 2 = 0. 

We also study exceptional curves on Del Pezzo surfaces of any degree. We show that 
such curves are exactly the strict transforms of smooth plane curves (whence of Clifford 
dimension 2), and of smooth curves in | — 3K$\ for degS" = 3 (of Clifford dimension 3). 

Theorem 1.1. Let L be a nef line bundle on a Del Pezzo surface S with g(L) > 2. 

(a) All the smooth curves in \L\ have the same gonality if and only if L is not as in the 
cases (I), (II) or (III) above. 

(b) If g(L) > 4, then all the smooth curves in \L\ have the same Clifford index if and only 
if L is not as in case (III) above. 

(c) If g(L) > 4, then either all or none of the smooth curves in \L\ are exceptional, and if 
they are, they all have the same Clifford index and Clifford dimension. Furthermore, 
the curves are exceptional of Clifford dimension r > 2 and Clifford index c if and only 
if L is as in one of the two following cases: 
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(i) There exists a base point free line bundle D on S satisfying 

D 2 = 1, D.K S = -3, D.L = c + 4 and 
r.C < 1 for any (—l)-curve F such that F.D = 

(the latter condition is equivalent to Dq being very ample for all C G \L\). 
In this case r = 2, the Clifford dimension is computed by Oc{D) for all smooth 
curves C G \L\ and 4>d '■ S — > P 2 gives the identification S ~ S m im and maps 
every smooth curve in \L\ to a smooth plane curve of degree D.L = c + 4, whence 
all these curves are exceptional of Clifford dimension 2 and Clifford index c. 

(ii) S ~S n forne {6, 7, 8} and 

n—6 

L ~ -3K Sn + ^2a l T i , Fi = {-l)-curve, a, G {2,3}. 
i=l 

In this case r = 3, g(L) = 10, c = 3 and for all smooth curves C G \L\, the 
Clifford dimension is computed by Oc{D), for D := —Ks n + YH=i Pi- 

We actually prove a more precise result. In fact, any line bundle A computing the 
gonality of a smooth curve on a Del Pezzo surface, is of a particular form (it is, so to speak, 
induced from a line bundle on the surface), and we are able to find all possible such in 



Proposition 7.1 below. 

The second main topic in this paper is the theory of higher order embeddings of sur- 
faces. This theory developped quickly in the past ten years and the k-very ampleness (see 



definition in Section 2.2) of line bundles on particular kinds of surfaces has been intensively 



studied in e.g. pa^ScR , pT^Sj , ||Be-Sol| 1, [|Be-So2| , [|Be-So3|| , [|Be-So4|l , pRfl , pR2| and 



0- 



In [Kn] we introduced the notion of birational /c-very ampleness of a line bundle L on 
an algebraic surface (see Definition below) and gave relations between this notion and 
the Clifford index and gonality of the smooth curves in \L\ when the surface is K3, thus 
relating the theory of higher order embeddings to the question of propagating linear series 
on curves studied by the above mentioned authors. We also posed the question whether 



there are similar relations for other surfaces [Kn, Rem. 1.5]. 



In this paper we find that there are indeed such relations on a Del Pezzo surface. 
Let L be a nef line bundle on a Del Pezzo surface (i.e. L is base point free or L ~ —Kss 
by [pR| ). Define the set of curves TZ(L) by: 

TZ(L) :={F \ F = (-l)-curve and F.L = 0}. 

Furthermore, denote by m(L) the cardinality of 1Z(L). 

Note that by the Hodge index theorem, the curves in 7Z(L) are necessarily disjoint. 
The second main result of this paper is the following: 

Theorem 1.2. Let L be a nef line bundle of sectional genus g(L) > 2 on a Del Pezzo 
surface S and k > 1 an integer. The following conditions are equivalent: 

(a) L + Ks is birationally k-very ample, 

(b) L + Ks is birationally k-spanned, 

(c) L.D > k + 2 (resp. L.D > k + 3) for all smooth rational curves D with D 2 = (resp. 
D 2 = I) and -K S .L >k + 2 + m(L) + K 2 S whenever K 2 S + m(L) < min{k + 1, 4}, 

(d) all the smooth curves in \L\ have gonality > k + 2. 
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If in addition L + Kg is base point free (which happens if and only if L is ample and 
L 9^ —2Ks 8 ), so that it defines a morphism (j)L + K s '■ S ~^ psw - ^ then the following 
condition is also equivalent to the others: 

(e) (f)L+K s {S) has no (k + l)-secant (k — l)-planes except possibly for those containing the 
images of (-l)-curves T with T.L < k. 

Furthermore, if any of these conditions are satisfied, we must have g(L) > 2k + 1 (and 
consequently I? > 4k + 3). 

We note that the overall pattern here is that more "special" examples turn up the lower 
the degree of S is (equivalently, the more points of P 2 we blow up). In fact, up to deg 5 = 4, 
all linearly equivalent smooth curves have the same gonality and Clifford index and the 
only exceptional curves are the smooth plane curves. For degS" = 3, new examples of 
exceptional curves turn up, for degS" = 2, the first example of linearly equivalent smooth 
curves of different gonalities appears, and for degS" = 1, more such examples turn up, 
together with examples of linearly equivalent smooth curves of different Clifford indices. 

It would be an interesting problem, to study the picture when one blows up > 9 points 
of P 2 (in general position), to see which new examples might turn up. Unfortunately, the 
methods in this paper rely upon —K$ being ample (or at least effective) and at the moment 
we do not see how to treat higher blow ups of P 2 . 

The paper is organised as follows. 

First, in Section |2| we gather basic definitions that will be needed throughout the paper. 
In Section ||] we treat birational fc-very ampleness of line bundles and gonality of curves 
on Del Pezzo surfaces. In particular we relate these concepts to the existence of certain 



types of line bundles on the surface. We finish the proof of Theorem 1.2 at the end of the 



section, and as examples we state the results for k = 1 and k = 2 in Propositions 3.10 and 



3.11. 



In Section |] we show that the gonality is constant for all the smooth curves in a complete 
linear system on a Del Pezzo surface, except for three special cases. We prove that two of 
these cases are exactly Cases (I) and (II) given above. We prove that the third case is Case 
(III) in Section ^. 

We classify all exceptional curves on Del Pezzo surfaces in Section || thus finishing the 



proof of Theorem |l.l| (c). The methods are similar to the ones used by Pareschi [Pa], but 
due to the extension to Del Pezzo surfaces of degree 1, we need a more careful analysis. 
We also use results about exceptional curves in fE-L-M-S ] . 



The above mentioned treatment of Case (III) in Section |6] then concludes the proof of 



parts (a) and (b) of Theorem 1.1 



Finally, in Section we give the complete list of all the possible pencils computing the 
gonality of a smooth curve on a Del Pezzo surface. 



Note that parts (a) and (b) of Theorem 1.1 for degS > 2 are equal to the results of 



Pareschi |Pa| . In our proofs, we however never assume that degS" = 1, both to give a more 
complete exposition, and also because restricting to the case deg S = 1 would not make the 
proofs easier, since the case deg S = 1 is exactly the case where most problems show up. 

Remark 1.3. The smooth curves in case (II) above are simply the strict transforms of 
smooth curves in | — 2Kg\ for degS* = 2 which do not pass through the blown up point. 

The strict transforms of a smooth curve passing through the blown up point are the 
curves in case (III) with L ~ 2K$ + T. 



2. Background material 



CURVES AND LINE BUNDLES ON DEL PEZZO SURFACES 



5 



2.1. Basic notation and definitions. The ground field is the field of complex numbers. 
All surfaces are smooth irreducible algebraic surfaces. 

By -Bp 1 ,...,p n (5') we will mean the blowing up of S at the points Pi, ...,P n 

By a curve on a surface S is always meant an irreducible curve (possibly singular), i.e. 
a prime divisor. Line bundles and divisors are used with little or no distinction, as well as 
the multiplicative and additive notation. Linear equivalence of divisors is denoted by ~. 

If L is any line bundle on a surface, L is said to be numerically effective, or simply nef, 
if L.C > for all curves C on S. In this case L is said to be big if L 2 > 0. 

If J- is any coherent sheaf on a variety V, we shall denote by h % (J 7 ) the complex dimension 
of H^V,^), and by x{F) the Euler characteristic ^(-ifh^J^). 

The sectional genus of a line bundle L is the integer g(L) = \L.{L + Kg) + 1. If D G \L\, 
then g(L) is the arithmetic genus of D. 

If C is a curve on a surface and L is a line bundle on the surface, we often use the 
notation Lc ■= L ® 0^. 

2.2. A;- very ampleness. A line bundle £ on a smooth variety X is said to be /c-very ample 
(resp. A;-spanned), for an integer k > 0, if for each (resp. each curvilinear) 0-dimensional 
subscheme Z of X of length h°(Oz) = k + 1, the restriction map H°(L) — > H°(L <S> Oz) is 
surjective. 

We will need the following result: 



Theorem 2.1. |3c-Sol| , (1.2)] If L is a special k-spanned line bundle on a smooth curve 
of genus g, then g > 2k + 1. 



In [Kn| we made the following definition: 

Definition 2.2. Let L be a line bundle on a smooth surface S and k > 1 an integer. 

L is birationally k-very ample (resp. birationally k-spanned), if there exists a non-empty 
Zariski-open subset of S where L is k-very ample (resp. k-spanned). 

2.3. Del Pezzo surfaces. A surface S is called a Del Pezzo surface if its anticanonical 
bundle —Kg is ample. The degree of S is defined as deg5 = Kg. We have the following 
classification of such surfaces: 



Proposition 2.3. |De] Let S be a Del Pezzo surface. Then 

(a) 1 < deg S < 9, 

(b) deg S = 9 if and only ifS-P 2 , 

(c) if deg S = 8, then either S-P^P 1 or S ~ B P (P 2 ), 

(d) if 1 < deg 5 < 7, then S ~ B Pl _ Pg _ dcgS (P 2 ). 

We will often denote a Del Pezzo surface of degree degS by S n , where n = 9 — degS 1 . 
Let 7r : S — > P 2 be the blowing up as in (d). Denote by I the class of 7r*(Op2(l)) and by ej 
the class of 7r _1 (Pj). We then have 

I — I? — ^iji — 0> 

and 

Pic5„ ~ Zl Zei ® ... Ze n ~ Z n+1 . 

Therefore any line bundle on 5 n is of the form al — J2i bi e i and —Kg = 31 — Y^i e i- 

We gather some basic properties of line bundles on a Del Pezzo surface: 
(PI) | — Kg\ is base point free unless S = in which case it has exactly one base point, 

namely the ninth point of intersection of two independent plane cubics based on 9 

points. 
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(P2) | — Kg\ is very ample if and only if deg S > 3. 

(P3) If C is a connected reduced curve, then h x (-C) = h^C + K s ) = (P§, (0.4.5)]. 
(P4) L is nef if and only if it is base point free or L ~ — Ks s | PR| , (Cor. 4.7)]. 
(P5) If L is base point free, then /i x (L) = h 2 (L) = 00 (0.4.6)]. 

(P6) If L > and L >/* —Ks s , then L.Ks > 2 (Hodge index theorem and adjunction 
formula) . 

In particular, if L is nef with g(L) > 1 we have h l (L) = h l (L + Ks) = 0, for i = 1,2, 
h°(L + i'Ts) = g(£) > 1 and the general member of \L\ is smooth and irreducible (by 
Bertini). 

By a (— l)-curve on a Del Pezzo surface is meant a curve T such that F 2 = —1. By the 
adjunction formula, such a curve is necessarily smooth and rational and satisfies T.K$ = — 1. 
The number of such curves on a Del Pezzo surface is finite by standard arguments. Also 
note that those are the only curves with negative self-intersection on a Del Pezzo surface. 
It follows that if a line bundle D is not nef, then there exists a (— l)-curve T such that 

f.d < o. 

2.4. Clifford index, gonality and the vector bundles E(C, A). We briefly recall the 
definition and some properties of gonality and Clifford index of curves. Let C be a smooth 
irreducible curve of genus g > 2. We denote by g r d a linear system of dimension r and 
degree d and say that C is k-gonal (and that k is its gonality) if C posesses a g\ but no 
g\_i- In particular, we call a 2-gonal curve hyperelliptic and a 3-gonal curve trigonal. We 
denote by gonC the gonality of C. Note that if C is fc-gonal, all g^s must necessarily be 
base point free and complete. 

If 9 > 4 and ^4 is a line bundle on C, then the Clifford index of A is the integer 

Cliff A = deg A - 2{h°{A) - 1). 

The Clifford index of C itself is defined as 

Cliff C = min{Cliff A | h°(A) > 2,h 1 {A) > 2}. 

Clifford's theorem then states that Cliff C > with equality if and only if C is hyperelliptic 
and Cliff C = 1 if and only if C is trigonal or a smooth plane quintic. 

At the other extreme, we get from Brill-Noether theory (cf. [ACGH] , V]) that the gonality 
of C satisfies gon C < L^^J > whence Cliff C < L^pJ • For the general curve of genus <?, we 
have Cliff C = L^J. 

We say that a line bundle AonC contributes to the Clifford index ofC if h°(A), h}{A) > 2 
and that it computes the Clifford index of C if in addition Cliff C = Cliff A. 
Note that Cliff A = Cliff {ujq ® A^ 1 ) and also observe that by Riemann-Roch 

(1) h°(A) + h 1 {A) = g + 1 - Cliff A. 

The Clifford dimension of C is defined as 

min{/i°(^4) — 1 | A computes the Clifford index of C}. 

A line bundle A which achieves the minimum and computes the Clifford index, is said 
to compute the Clifford dimension. A curve of Clifford index c is (c + 2)-gonal if and only 
if it has Clifford dimension 1. For a general curve C, we have gonC = c + 2. 



Lemma 2.4. [ C-M , Theorem 2.3] The gonality k of a smooth irreducible projective curve 
C satisfies 

Cliff C + 2 < k < Cliff (7 + 3. 
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The curves satisfying gon C = Cliff C + 3 are conjectured to be very rare and called 
exceptional (cf. Ma2j , (4.1)]). 

We have the following interesting connection between the gonality of a curve and the 
higher order very ampleness of loq- 

Lemma 2.5. [ M-P| , Prop. 1.2] A smooth irreducible projective curve C og genus g > 1 is 
k-gonal if and only if ujq is (k — 2)-very ample but not {k — l)-very ample. 

Let C be a smooth curve on a regular surface S (i.e. h l {Os) = 0). Recall that if A 
is a line bundle on C which is generated by its global sections, then one can associate to 
the pair (C, A) a vector bundle E(C,A) of rank h°(A) as follows (this vector bundle was 
introduced by Lazarsfeld in flL"a|] , for more details we refer to C-Pf ] and |Pa| ). Thinking of 
A as a coherent sheaf on S, we get a short exact sequence 

(2) — » F(C, A) — > H°(A) ® c O s — > A — 

of 05-modules, where -F(C, A) is locally free (since A is locally isomorphic to Oc and hence 
has homological dimension one over Os)- 
Dualizing this sequence, one gets 

(3) — » #V) V ® — » £(C, A) — ► Afc/s ® A v — » 0, 
where 2£(C, A) := i^C, A) v . This vector bundle has the following properties: 

(4) detE(C,A) =L, 

(5) c 2 (E(C, A)) =deg A, 

(6) ikE(C,A) = h°(A), 

(7) h*(E(C, A) v ) = h 2 -\E{C, A) ® w 5 ) = 0, i = 0, 1, 

(8) /i ^) = /iV) + /»°(JV C/S ® vl v ), 

(9) If ^4 < Mc/Sj then 2£(C, A) is generated by its global sections off a finite set 

coinciding with the (possibly zero) base divisor of Nq /g ® ^4 V . 

Note that if A is any line bundle on C computing the gonality or the Clifford index of 
C, then A is generated by its global sections, and we can carry out the construction of the 
vector bundle E(C, A) above. 

Also recall that if E is any vector bundle of rank > 2 on S generated by its global 
sections and satisfying ci(E) 2 > 0, h°(E v ) = h 1 ^) = 0, then E = E(C,A) for some pair 
(C,A), where C is a smooth curve in | detS| and A is a non-trivial line bundle on C such 
that both A and Mq/s ® are base point free. The conditions (H)-@ will be satisfied. 
If c\{E) 2 = 0, then C is a union of non-intersecting smooth curves all of self- intersection 
zero. 

Similarly, if V is a subspace of H (A) spanning A everywhere, we can define a bundle 
E(C, A, V) as the dual of a bundle F(C, A, V) defined as above by 

(10) — >F(C,A,V) ^V®cO s ~^A — ► 0. 
and sitting in an exact sequence 

(11) 0^V v ®O s -^E(C,A,V) -^Af c/S ®A V — ► 0, 
The conditions (H), (||) and (^) are still satisfied, but we get 

(12) rk E(C, A) = dim V <h° (A), 

(13) h°{E(C,A) v ) = 0, h 1 (E{C,A) v ) = h°{A)- dim V 
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and 

(14) h°(E) = dim V + h°(M c /s ®A V )< h°{A) + h°(jV c /s <g> A v ). 

In the same manner we have that any globally generated vector bundle E of rank > 2 
satisfying h°(E v ) = is of the form E = E(C, A, V) for some V such that h°(A) - dim V = 
h 1 (E v ), and A and Mq/s ® ^ are both base point free. 

Specializing to Del Pezzo surfaces, we get from fli~l| ) tensored by u>s that 

(15) h\A) =h°(E(C,A,V)®u) S ). 

Moreover, we have M c /s ® A v ~ uj c ® A v ® and by (PI) we have 

Lemma 2.6. Assume A and ujc % A v are both base point free (as will be the case if A 
computes the gonality or the Clifford index of C). 

Then E(C, A) is generated by its global sections except possibly at the base point x of 
I — K$\, when K s = 1 and C passes through x. 

3. BlRATIONAL /c-VERY AMPLENESS AND GONALITY OF CURVES 

We first need the following easy result: 

Lemma 3.1. Let L be a nef line bundle on a Del Pezzo surface and k > 1 an integer. Let 
C be any smooth curve in \L\. 

If g(L) < 2k, then {L + K$)c — is not k-spanned. 

In particular, C has gonality < k + 1 and L + Ks is not birationally k-spanned. 



Proof. By Theorem |2.l| , uc is not fc-spanned, and by Lemma |2.5| , all the smooth curves in 
\L\ have gonality < k + 1. One easily sees that this implies the existence of a base point 
free linear system Ac on each smooth C £ L such that h (Ac) > 2 and L + Ks fails to 
be fc-very ample on any member of \Ac\- This implies that L + Ks is not birationally 
fc-spanned. □ 

Proposition 3.2. Let k > 1 be an integer and L be a nef line bundle on a Del Pezzo 
surface S such that g(L) > max{2/c — 1,2}. Let Z be any ^-dimensional subscheme of S 
such that deg Z = k + 1 and such that the map 

H°(K S ® L) — > H°(K S ®L®O z ) 

is not onto, and for any proper subscheme Z' of Z, the map 

H°{K S <8> L) — ► H°(K S <8> L <g> Q z >) 

is onto. 

Then there are effective divisors D and M such that L ~ D + M , D passes through Z, 
M > -K s and DM <k + l. If L? > 4k + 3, we furthermore have M > D. 



Proof. This follows the same approach as [Kn, Section 3]. For the sake of the reader, we 
repeat the main arguments. 



From the first part of the proof of | Be-So2 , Thm. 2.1] and from [Ty, (1.12)], it follows 



that there exists a rank 2 vector bundle E on S fitting into the exact sequence 
(16) — > O s — > E — > L ® T z — ► 0, 

and such that the coboundary map of the exact sequence tensored with Ks, 
6:H\L®K S ®1 z ) — ► H 2 {K S ) ^ H°(O s ) a C, 

is an isomorphism. 
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In particular, h x (E <g> Ks) = h 2 (E® K s ) = 0. 

Note that from the sequence (|l6|) we get c\(E) 2 = L 2 and 02(E) = degi? = k + 1. 
By assumption we have 

h°{L®K s ®lz) = h Q (L®K s ) - k = g{L) — k > 1, 

whence, by tensoring ( |i~6| ) with Ks, 

(17) h°(E®K s )>0. 

This means that E has a non-trivial line sub-bundle, and after saturating, we get an exact 
sequence 

(18) — >M — > E — >N®1 A — >0, 

where M and N are line bundles and A C S is a zero-dimensional subscheme. 
If L 2 > 4k + 3, then by Riemann-Roch 

X (E ® E*) = Cl (E) 2 - 4c 2 (E) + 4 = L 2 - 4(k + 1) + 4 > 3, 

whence h°(E®E*)>2 and £ is non-simple. 



One can then show (see [Kn, Lemma 3.3]) that there are line bundles M and ./V and 
a zero-dimensional subscheme A C S fitting into an exact sequence like in (|l8|) satisfying 
either 

(a) M > N, or 

(b) A = and the sequence splits. 

By symmetry we can assume (M — N).Ks > in case (b). Hence we have 

X(N-M) = -(N -M)(N-M -K s ) + 1 

= ±(N-M) 2 -^(N-M).K S + 1 

> i(L 2 -4N.M) + 1 

> ^{4k + 3 - 4k -4) + 1 > 0, 

and by Riemann-Roch, we can assume iV > M in case (b) as well. 



Exactly as in [Kn, Lemma 3.5], we can now prove that there exists a divisor D £ |iV| 



passing through Z and satisfying the numerical conditions above. □ 

If L + Ks is not birationally k-very ample, there must exist a Z as above which is not 
contained in any divisor Q with h°(Q) = 1, since such divisors are necessarily supported 
on a union of (— l)-curves, and there are finitely many such curves on a Del Pezzo surface. 
Therefore h (D) > 2 and since M > —Ks, we must have h°(M) > 2 also. 

Furthermore, assuming L + Ks is birationally (k — l)-very ample, we have by Lemma 



3.1 that g(L) >2k — \. This means that we have the following: 

Proposition 3.3. Let k > 1 be an integer and L a nef line bundle of sectional genus 
g(L) > 2 on a Del Pezzo surface. If L + Ks is not birationally k-very ample, there exists 
an effective divisor D satisfying the following conditions: 

(|) h°(D) > 2, h°(L - D) > 2, D.(L - D) < k + 1, 
L + K S >D, L>2D if L 2 > 4k + 3. 
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Remark 3.4. (i) As a consequence of the properties (f) above, we also have, when 
L 2 > 4k + 3, 

(19) D 2 <(L- D) 2 and 

(20) D 2 < k + 1, with equality only if L ~ 2D. 

These properties will often be used without further mention. 

(ii) If g(L) > 2k + 1, we have L 2 > 4k + 3. Indeed, by the adjunction formula, L 2 = 
2g(L) - 2- L.K S > 4k - L.K S > 4k + 2 by (P6). If equality holds, then -L.K S = 2, and 
by the Hodge index theorem and the fact that g(L) > 2k + 1 > 3, this is impossible. 

(hi) The condition L + K$ > D is automatically satished when L > 2D. Indeed, if 
M := L-D ~t -K s , then also D ~£ -K s , whence D.{D+K S ) < -2 and M.(M+K S ) < -2. 
By Lemma |3.1| , we can assume L.(L + Kg) > 4k — 4, whence 4k — 4 < L.(L + Kg) = 
M.(M + K s ) + D.(D + K s ) + 2M.Z) < 2k - 2, and we get Jfe = 1 and L.(L + K s ) = 0, 
contradicting the fact that g(L) > 2. 

We also have a similar result concerning the gonality of a smooth curve in \L\: 

Proposition 3.5. Let k > 1 be an integer and L a nef line bundle of sectional genus 
g(L) > 2 on a Del Pezzo surface. Assume there is a smooth curve C G \L\ of gonality k + 1, 
and let A be a g\ + i on C. Then there exists an effective divisor D satisfying the conditions 
(f) and such that O c (D) > A. 

Proof. If Z C C is any 0-dimensional subscheme, then we have a commutative diagram 
with exact rows and columns 

(21) 



K s K S 
(L + K s )®l z L + K s *{L + K s ) <8> O z 



u) C {-Z) ^ w c ^ uj c ® O z ^ 

0. 

From the fact that h l {L + Kg) = and h (wc) = 1, we see that the following conditions 
are equivalent: 

(i) H°(az) is not surjective, 

(ii) H°(Pz) is not surjective, 

(iii) h°(O c (Z)) > 2. 

Now let Z be any element in \A\, which we can choose to lie outside of the finitely many 
(— l)-curves on the surface, since A is base point free. Since C is (/c+l)-gonal, we must have 
h°(Oc(Z')) = 1 for any proper subscheme Z' of Z. Then the assumptions in Proposition 
|3.2| are satisfied, and we can find a divisor D passing through Z with h°(D) > 2 and 
satisfying the conditions (t). Tensoring the left hand vertical exact sequence above with 
D — L — Ks and taking cohomology, we get 

h°(O c (D)(-A)) > h°(D ® Zz) > 0. 
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□ 

Example 3.6. Let L ~ —2Ks 8 - Then one easily computes g(L) = 2, so all the smooth 



curves in |L| are hyper elliptic. Moreover, the divisor D given by Proposition p.5| is —Ks 8 , 
and the g\ on any such C € \L\ is given by Oc(—Ks 8 ). 

Furthermore L + Ks 8 fails to be A:-spanned on any zero scheme of these g^s, so L + Kg 8 
is not birationally A:- very ample. 

Also note that D.(L - D) = if| g = l</c + l = 2in this case. 

Among all the divisors satisfying the conditions (t), the ones satisfying these conditions 



for the smallest value of k play an important role. The next result is similar to [Km Prop. 
5.1] for K3 surfaces. We recall the definition of 7Z(L) in the introduction. We will also 
need to define the set 

1Z\(L) : = {r | T = (-l)-curve and T.L = 1}. 

Proposition 3.7. Assume L is a big and nef line bundle of sectional genus g(L) > 2 
on a Del Pezzo surface S such that L ^ —2Ks 8 Assume there are divisors satisfying the 
conditions (f) for k = ko, but none for k < k$. Then ko > 1, and any divisor D satisfying 
(t) f or k = ko has the following properties (with M := L — D ): 

(i) DM = k + 1; 

(ii) h x {D) = h\M) = h l (D + K s ) = h 1 (M + K s ) = 0; 

(iii) M and D are either base point free or ~ —Ks 8 - Moreover g(M) > 1; 

(iv) the general members of \M\ and \D\ are smooth curves. 

Furthermore D is of one of the following types (with g(D) = in (a) and (b) and g(D) = 1 
in (c)-(g)): 

(a) D 2 = 0, D.K S = -2, 

(b) D 2 = I, D.K S = -3, 

(c) D~-K Ss , 

(d) D 2 = -K S .D = 2; K 2 S <2 with D K S7 if K 2 S = 2, 

(e) D 2 = -D.K S = 3; K 2 < 3 with D ~ -K Sfi if K 2 = 3, 

(f) D 2 = -D.K S = 4, g(L) = 5, k = 3; K | < 4 with D K S5 if K 2 S = 4. 

Furthermore, if there is a divisor as in (b) for (kQ,g(L)) ^ (2,3) or as in (e) for 
(kQ,g(L)) 7^ (2, 4), (3, 5), then all the smooth curves in \L\ have Clifford index k§ — 2 and 
gonality ko + 1, whence are exceptional. 



Proof. Note that by Proposition 3.5 and Lemma 3.1, we have 

(22) All the smooth curves in \L\ have gonality > ko + 1, and 

(23) g(L) > 2k - 1. 
Condition (i) is immediate (see [|Kn| , Section 5]). 

We first want to show that D is nef (the same reasoning will work for M). If D is not 
nef, there exists a (-l)-curve Y such that T.D < 0. Let D' := D — T and M' := M + T. 
Then 

D'.L — D' 2 = D'.M' = (D -T).(M + T) = DM -T.M + T.D + 1 

(24) = DM + 2T.D - T.L + l 

< DM = k + 1, 

a contradiction. 
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So D and M are nef, whence by property (P4) they are either base point free or linearly 
equivalent to -K Sa . By (P5), we have h l (M) = h\D) = 0, for i = 1,2. 

Now we show that ko > 1. So assume to get a contradiction that D.M = 1. Assume first 
that M 2 > D 2 . Then by the Hodge index theorem we must have D 2 = or 1, the latter case 
implying D ~ M. If D 2 = 0, then D.K S < -2 and D.(L + K S ) = D 2 + D.M + D.K S < -1, 
contradicting the nefness of D (note that L + K$ > since g{L) > 2). If Z) 2 = 1, then 
we must have D.K$ < —3, since otherwise Z? ~ ~Ksg an d Z/ ~ —2Ks 8 . Again we get the 
contradiction D.(L + K s ) = D 2 + D.M + < -1. 

The same reasoning works if M 2 < D 2 . This shows that k > 1. 

Next we prove that h l (D + K s ) = and that the generic member of \D\ is a smooth 
curve. The same reasoning will work for M. 

If D 2 > 0, then D is big and nef and h x {D + K s ) = 0. This implies h {0 Do ) = 1 for all 
Dq G \D\. Hence by Bertini, the general member of \D\ is a smooth curve. 

If D 2 = and h l (D + K s ) + 0, we have h (0 Do ) > 1 for all D G |D|, whence D is not 
numerically 1-connected. This means that there is an effective decomposition 

D ~ D 1 +D 2 , 

such that -D1.D2 < 0. Since D is nef, we must have D.D 1 = D.D 2 = D 1 .D 2 = D 2 = D\ = 0. 
One then easily sees that both D\ and D 2 will satisfy the conditions (f) for some integer 
k < ko, a contradiction. Whence /i 1 (D + Ks) = 0, h°(C>D ) = 1 and the general member 
of \D\ is a smooth curve. 

Since M > -K s and /i x (M + K s ) = 0, we have h°(M + K s ) = g(M) > 1. 

We will now prove that D is of one of the types (a)-(f), and that the last statement in 
the proposition is satisfied. 

We first show that g(D) = or 1. 

By Riemann-Roch and the fact that h}{D + K$) = 0, we have 
(25) h°(D + K s ) =g(D). 

If -D.K S < -M.K S , we have 



(26) (D + K S ).{M - K s ) = D.M + K S .(M - D) - K 2 S < D.M, 

which yields h°(D + K s ) = g(D) < 1 (since clearly h°{M - K s ) > 2). 

If -D.K S > -M.K S , we have by (||) with M and D interchanged, that g(M) < 1, 
whence g(M) = 1. Furthermore, by (t), Remark ^(ii) and ( |23"1) we have g(L) = 2ko — 1 
or 2ko, and L 2 < Ako + 2. By the adjunction formula, we have —L.Ks < 6 and 4 as 
g(L) = 2ko — 1 or 2k^, respectively. 

We have 

Since L.(L + K s ) = M.(M + K s ) + D.(D + K s ) + 2M.D = D.{D + K s ) + 2k + 2, we get 

2/c - 6 if g(L) = 2k Q - 1, 
2k - 4 if g(L) = 2k . 



(28) D.{D + K S ) 



We have fco + 1 < (-Ks)-(L + Kg) = —Ks-L — Kg, whence ko < 4, with equality only if 
K 2 S = 1. Therefore, if g(D) > 2, by (|D we must have A; = 4, 5(D) = 2. -L.K S = 6 and 
S ~ S$. In this case, all the smooth curves in |D| are hyperelliptic, whence by Proposition 



3.5 , we have an effective decomposition 

D ~ A + B, 
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with h°(A) > 2 and h°(B) > 2 and such that A.B < 2. We can assume AM > B.M. We 
get 

M.D < M.(A + B)< M.D + 2- A.M, 

whence A.M < 2 and ko + 1 = D.M < 4, whence the contradiction ko < 3. 
So we have proved that g(D) < 1. 

Now let g(D) = 0. Let C be a smooth curve in \L\. By the exact sequence 

(29) — ► —M — > D — ► D c — > 

and the fact that h l (-M) = 0, we get h°(D c ) = h°(D) = D 2 + 2, whence 

(30) Cliff D c = D.L - 2(h°(D) - 1) = D.L - 2D 2 - 2 = k - D 2 - 1. 

By (Ejj) we have h l {D c ) = h°(M + K s ) > 1. 
By (|) and @ we have 

h\D c ) = g(L) + l -Cliff D c -h°(D c ) 

(31) > 2k - (k - D 2 - 1) - (D 2 + 2) 

= k -l. 

Assume that D 2 > 2. By @ we have Cliff L> c < fco - 3. If ^(Do) > 2, then Z? c 
contributes to the Clifford index of C and by Lemma 2.4 we get the contradiction 

(32) gonC < Cliff C + 3 < Cliff D c + 3 = k - 3 + 3 = k . 

So we must have h l (Dc) = 1, whence fco < 2 and Cliff Dq < — 1, contradicting Clifford's 
theorem. 

So D 2 < 1 when g(D) = 0, which gives us the cases (a) and (b). 

Assume now D 2 = 1, which means that we are in case (b). Then by ( |30| ) we have 
Cliff Do = k -2. If h x (D c ) > 2, then all the smooth curves in \L\ are exceptional (of 
Clifford index k - 2 and gonality k + I). If h x (D c ) = 1, then by @ and Clifford's 
theorem, we have ko = 2 and g(L) = 2ko — 1 = 3. 

So if we are in case (b) with (ko,g(L)) ^ (2,3), then all the smooth curves in \L\ have 
Clifford index ko — 2 and gonality ko + 1, whence are exceptional (of Clifford dimension 
h°(D c )=h°(D) = 3). 

Let g(D) = 1. By (H) again, we get h°(D c ) = h°(D) = D 2 + 1, whence 

(33) Cliff D c = D.L - 2(h°(D) - 1) = D.L - 2D 2 = k + 1 - L> 2 . 
Also, 

h\D G ) = g(L) + 1- CM D c -h°(D c ) 

(34) > 2k — (ko — D 2 + 1) — (D 2 + 1) 

= fed -2. 

Assume now D 2 > 4. Then we have Cliff A? < fed - 3. If h l (D c ) > 2, we get a 
contradiction as in (|32[), whence fco = 3 by Clifford's theorem and g(L) = 2feo — 1 = 5 by 
©• 

This means that D 2 < 4 when ^(-D) = 1, with equality implying ko = 3 and = 5. 

We therefore get the cases (c)-(f) above. By (P6) D ~ -Ks 8 if D 2 = -D.K S = 1. 

Assume now Z) is as in (e), i.e. D 2 = 3 and 5(D) = 1. Then by (S3) we have Cliff Do = 
A; - 2. If h}(Dc) > 2, then all the smooth curves in |L| are exceptional (of Clifford index 
ko - 2 and gonality ko + 1). If h x (D c ) = 1, then fc < 3 by @ and A; > 2 by Clifford's 
theorem. By (34) we get the two cases (ko,g(L)) = (3,5) and (2,4). 
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So if we are in case (g), and (ko,g(L)) ^ (2,4), (3,5), then all the smooth curves in \L\ 
have Clifford index k^ — 2 and gonality fco + 1, whence are exceptional (of Clifford dimension 
< h°(D c ) - 1 = h°(D) - 1 = 3). □ 

Remark 3.8. In the cases with g{D) = 1, i.e. the cases (c)-(f), of the proposition, one 
can say more about the divisors D. In fact we have h°(D + K$) = 1, so 

D + Ks ~ A, 

for some divisor A > satisfying h°(A) = \A. (A — Ks) + 1 = 1, whence A 2 = A.Kg- 
Furthermore, A is either trivial or only supported on a union of disjoint (— l)-curves. We 
get 

D.L-D 2 = {-K s + A).L-{-K s + A) 2 

= -K S .L -K 2 S + A.L + 2A.K S - A 2 
= -K S .L-K 2 +A.(L + K S ). 

By assumption we must have D.L — D 2 < —Kg.L — K s , so we easily see that A has to 
be supported on 1Z(L) and TZ\(L), so that we can write D ~ — Ks + YlrieTZtL) n i^i + 
^r'e7^i(L) mjl^. To achieve the minimum it is a quick exercise to find that all rii = 1 and 
wij = or 1 (using the fact that all the curves in 7Z(L) and TZ\{L) are disjoint), so that we 
have 

(35) D~-K S + Yl r ;+E^' 

r t G7e(L) r[eB 

for a subset B of 7Z\ (L) . 

At the same time one also sees that the divisor 

(36) D~-K S + Yl n * Ti 

also satisfies the conditions (f) for k = ko. 

One then easily sees that case (c) implies that L is ample, and that there are three 
possibilities for case (d): 
(dl) D ~ —K$ 7 (only if L is ample), 
(d2) D ~ -K Sa + T, with K(L) = {T} and K X (L) = 0, 
(d3) D ~ -K Sa + T, with TZ(L) = and K^L) = {V}. 

The corresponding possibilities for the cases (g) and (f) are left to the reader. 
We will see below that if C is exceptional, then there exists a divisor D as in (b), or as 
in (c) with g(L) = 10 and c = 3. Moreover, Dq will compute the Clifford dimension of C. 



With the help of Proposition 3.7, we now show 



Proposition 3.9. Let L be a big and nef line bundle on a Del Pezzo surface with g(L) > 2. 
If there is a divisor satisfying the conditions (f) ; then L + K$ is not birationally k-spanned 
and there is a smooth curve in \L\ of gonality < k + 1. 



Proof. We have seen that the result holds for L ~ —2K$ S in Example 3.£. So we can 
assume L ^ —2Ks s . By Proposition 3.7 we can assume D.L = D 2 + k + 1 and that the 



general member of \D\ is a smooth curve. Define M := L — D. 

Assume first M, D ^ —Ks a . Then by Proposition |3.7| (iii), both M and D are base point 
free. As is the proof of [ |Kn| , Prop. 4.3], L + K$ fails to be fc-spanned on any section of Md', 
for any smooth D' G \D\. Furthermore, one finds h°(Mr)') > 2 and |Md'| is base point free 
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since M is. Since any Zariski-closed proper subset of S will contain at most finitely many 
of these curves and intersect the rest of them in a finite number of points, the assertion 
follows. 

Also, the rank two bundle E := M © D is base point free, and h (D) = h (M) = 0, 
det E = L, 02(E) = M.D = k + 1, so E = E(C, A) for some smooth curve C € \L\ and some 
non-trivial base point free line bundle A on C satisfying h (A) = 2 and deg^4 = 02(E) = 
k + 1. Hence C has gonality < k + 1. 

Finally, assume D ~ —Ks 8 - Then D.L = k + 2, and any smooth curve in \L\ passing 
through the base point x of | — K$\ clearly has a g\ +1 - The same holds if M ~ —Ks s - 
Since these curves form a positive dimensional family, and each such curve has a base point 
free linear system \A\ such that L + Kg fails to be A;- very ample on any member of \A\, it 
follows that L + K$ is not birationally A-very ample. □ 

We will now give the proof of Theorem [L~2| 



Proof of Theorem 1A . From Propositions ^2, ^5 and 3^ it is clear that (a), (b) and (d) 
are equivalent conditions. 

Furthermore, by Lemma 3.1, we must have g(L) > 2k + 1, if any of these conditions are 
satisfied, whence 1? > 4k + 3 by Remark |3~3 



Now by Propositions [3^, 3/7 and |3.9| , (a) is equivalent to the condition that there exists 
no divisor D satisfying 

D.L - D 2 = k + 1 for 
g(D) =0 and D 2 = 0, 1, or g(D) = 1 and 1 < D 2 < mm{k + 1, 4}. 

Such a divisor with g(D) = and D 2 = gives D.L = k + 1 and with g(D) = and D 2 = 1 
gives D.L = k + 2. 

Moreover, by Remark |3.8| we can assume that such a divisor with g(D) = 1 is of the 
form 

D~-K S + r > 
reiz{L) 

for D 2 = Kg + m(L) < mm{k + 1, 4}, which gives 

-K S .L = D.L = D 2 + k + 1 = K 2 S + m(L) +k + l. 

This shows the equivalence of (a), (b) and (d) with the numerical conditions in (c). 
Now assume that L + K$ is base point free, so that it defines a morphism 

We will prove that the condition (e) is then equivalent to (a). 

Let Z be a zero-dimensional subscheme of S of length k + 1. It is well-known that the 
map 

H°(L + K s ) — H°((L + K S ) ® Oz) 

is not surjective if and only if 4>l+k s (S) nas a (A; + l)-secant (k — l)-plane through the 
image of Z. 

Assume now L-\-Ks is birationally /c-very ample. In particular g(L) > 2k + 1 by Lemma 



3.1 



If a Z as above exists, then by Proposition |3.2| , there is an effective divisor D passing 
through Z and such that D.(L — D) < k + 1. Since L + i^g is birationally A;- very ample, 
cannot move by Proposition |3.9| , whence h°(D) = 1 and D is supported on a union of 
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(— l)-curves. This precisely means that the (k + l)-secant (k — l)-plane through the image 
of Z contains the images of these (— l)-curves. 

Conversely, if all the (k + l)-secant (k — l)-planes of (pL+K s (S) contain images of (—In- 
curves of degree < k, L + Kg is clearly A;- very ample outside the finitely many (— l)-curves 
of S, whence birationally k-very ample. □ 

As an easy application, we prove the following result, which will be needed later. 

Proposition 3.10. Let L be a base point free line bundle on a Del Pezzo surface S and 
denote by 4>l the morphism defined by L. 

Then the following conditions are equivalent: 

(i) 4>l is birational, 

(ii) 4>l is an isomorphism outside of finitely many contracted (—l)-curves, 

(iii) L 2 > 0, (L 2 , -K Ss .L) / (2, 2), L + -2K S% and L / -K Sr , 

(iv) none of the smooth curves in \L — K$\ are hyperelliptic. 



Proof. By Theorem 1.2 , the conditions (i), (ii) and (iv) are equivalent. We have to prove 
that the numerical conditions in (iii) are equivalnet to the ones in Theorem |l.2| (c) . 

Note that since L is base point free, L — K$ must be ample, whence m(L — K$) = 0. 
The negations of the conditions in Theorem |l.2| (c) are then: There exists a smooth rational 
curve D satisfying (D 2 ,L.D) = (0,0) or (1,0), or —K$-L < 2. In the two first cases, the 
Hodge index theorem yields L 2 = 0, L ~ D. In the last case, either L 2 = again or 
(L 2 , -K Ss .L) = (2, 2), L ~ -2K Sa or L ~ -K Sr (since L / -K Ss ). □ 

We also state the result for k = 2, leaving the proof to the reader: 

Proposition 3.11. Let L be a base point free line bundle on a Del Pezzo surface S and 
denote by cpL the morphism defined by L. 

Then the following conditions are equivalent: 

(i) L is birationally 2-very ample, 

(ii) 4>l is birational and 4>l{S) has only finitely many trigonal lines ( outside of the possible 
rational double points), and these are all lines contained in the surface, 

(iii) L 2 > 1, —Ks-L > 3 and L.D > 2 for any smooth rational curve D with D 2 = 0, 

(iv) none of the smooth curves in \L — K$\ are hyperelliptic or trigonal. 

4. The constancy of the gonality of smooth curves in \L\ 
Given that the minimal gonality of a smooth curve in \L\ is k + 1, for an integer k > 1 



(which by Theorem L2 is equivalent to L + K$ being birationally {k — l)-very ample but 



not birationally k-very ample) , we will in this section study the gonality of all the smooth 



curves in \L\. For deg5 > 2, this will coincide with the results of Pareschi [Pa], but for the 
sake of completeness, we do not restrict to degS* = 1. 

Proposition 4.1. Let L be a nef line bundle of sectional genus g(L) > 2 on a Del Pezzo 
surface such that L ^ —2Ks 8 - Assume that the minimal gonality of a smooth curve in \L\ 
is k + I, for an integer k > 1 and that among all the divisors satisfying (t), there is one 
not being of one of the following types: 

(a) k = 1, D ~ —Ks 7 and L ~ —2Ks 7 , 

(b) k = 1, D ~ —Ksa + with T a (—l)-curve and L ~ 2D, 

(c) D~-K Ss . 

Then all the smooth curves in \L\ have gonality k + 1. 
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Proof. If there exists a D satisfying (f) with g(D) = 0, we have seen before that hP(Dc) = 
h°(D) = D 2 + 2 and deg D c = D 2 + k + 1 for any C G \L\. 

If D 2 = 0, then Dc is a g\ +1 , and if .D 2 = 1, then for any x G C we have h°(Dc — x) > 2 
and deg(-D(7 — x) = fe + 1, whence C has a 

If D satisfies (f) with #(£>) = 1, we have /i°(-D c ) = /i (L>) = D 2 + 1, and deg£> c = 
-D 2 + + 1. As seen in Proposition [}]7] we have D 2 < 4. Let n := D 2 — 1. If Dc 1 is not 
n-very ample, there exists a divisor j4 on C7 of degree n + 1 = D 2 such that h°(Dc — A) > 
h°(Dc) — n = 2. Since deg(Z?c* — A) = k + 1, we have that C has a g\ +l . 

So assume is n-very ample for some smooth C G \L\. By (|29| ) we see that h}(Dc) = 
h 2 (-M) = h°{M+K s ) > 1. By lBa-So| , Thm. 2.9], we must have n + 2 = h°(D c ) > 2n + l, 



which is only possible if n = or 1, i.e. D 2 = —D.Ks = 1 or 2. By the Hodge index 
theorem, this leaves us with the three possibilities 

(i) degS = 2, D~-K s , 

(ii) deg S=l, D 2 = -D.K S = 2, 

(iii) deg 5 = 1, D ~ -K s . 

If we are in case (i) and the gonality is not constant, it means that there exists a smooth 
curve C G \L\ such that Dc is very ample, i.e. C is isomorphic to a smooth plane curve of 
degree D.C = k + 3. Using the formula for the genus of a smooth plane curve, we calculate 
the self-intersection of C: 

C 2 = 2g{C) - 2 + CD = (k + l)(jfe + 2) + (A; + 1) = (k + l)(k + 3), 

whence by the Hodge index theorem 

2(k + l)(jfe + 3) = C 2 D 2 < (CD) 2 = {k + 3) 2 , 

which gives k = 1 and L ~ 2D. This gives case (a) above. 

If we are in case (ii), then since h (D + Ks) = 1 and D ^ —Ks, we have D ~ — i£s + T, 
where T is supported on a union of (— l)-curves. Since —D.Ks = D 2 = 2, we get —Ks-T = 
1, whence T is a smooth (— l)-curve. From 

(D -T).L-(D- T) 2 = (D - T).(M + V) = DM - T.M + T.D + 1 = DM - T.L + 1, 

we must have T.L < 1. 

As in case (i), if the gonality is not constant, there has to exist a smooth curve C G \L\ 
which is isomorphic to a smooth plane curve of degree D.C = k + 3. Again we calculate 
the self-intersection of C: 

C 2 = (k + l){k + 3) - T.L, 

and the Hodge index theorem gives k = 1 and the two possibilities L ~ 2D for T.L = 
and L 2 = 7 for T.L = 1. In the latter case, we get the contradiction 2D.L = 8 > L 2 (since 
L 2 > Ak + 3). So we must be in the first case, which is case (b) above. 

This concludes the proof of the proposition. □ 

Case (a) in the proposition is exactly Case (I) mentioned in the introduction, the example 
already treated by Pareschi, where there is a codimension 1 family of smooth hyperelliptic 
curves in \L\, whereas the general smooth curve is trigonal. 

Case (b) is exactly Case (II) mentioned in the introduction. Since —Ks satisfies the 
conditions (t) for k = 1 with respect to D — Ks, we have that D is not birationally 
very ample by Proposition |3.9| , whence |D| gives a morphism <p : S — > P 2 , which is not 
birational, and then easily seen to be 2 : 1 and ramified along a smooth quartic by the 
Riemann-Hurwitz formula. This case is then analogous to Case (I). 
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From the proof of Proposition 4.1 we have the following description of the codimension 



1 family of smooth hyperelliptic curves: 

Proposition 4.2. The codimension 1 family of smooth hyperelliptic curves in \L\ in Case 
(I) (resp. Case (II)) is exactly the family of smooth curves passing through the 0- dimensional 
schemes of length two where —K$ (resp. D) fails to be very ample. 

We will now show that if the only divisor satisfying (t) for k = ko is —Ks, then the 
smooth curves in the codimension one subfamily of \L\ consisting of smooth curves passing 
through the base point of | — K$\ all have gonality ko + 1, whereas the smooth curves outside 
this family have gonality ko + 2. 

Denote by x the base point of | — K$\- As we have seen in the last part of the proof 



of Proposition 3J}, any smooth curve in \L <g>Z x \ has a g\ 0+ i, whence C is (ko + l)-gonal. 
Moreover, since L is base point free, dim \L®I X \ = dim \L\— 1, whence there is a codimension 
one family of such curves. 

Assume now C G \L\ is smooth of gonality ho — 1. We will show that C G \L &)T X \. 

Let \A\ be a (necessarily complete and base point free) g\ 0+ i on C, and pick any Z G 
\A\. Then, by the commutative diagram on page [H], we have that L + K$ fails to be 
A;-spanned on Z, whence Z is contained in a divisor satisfying (f) for k = ko- By our 
assumption, this yields Z C D for some D G | — Ks\. So we have h°((—Ks)c — Z) > 0, 
and deg((— K$)c — Z) = 1. So (-Ks)c — Z ~ for some y G C, and since 

h°(Z) = h°((-K s )c ~y) = h°((-K s ) c ) = 2, 

y must be a base point of |(— K$)c\ and hence of | — Ks\. Hence x = y, and C passes 
through x. 

This case will turn out to be the case (III) mentioned in the introduction. We have 
left to prove that the numerical conditions are equivalent to the fact that the only divisor 
satisfying (t) for k = ko is — Ks s . This will be done in Section ^ below, since we first will 
need to study exceptional curves on Del Pezzo surfaces. 

We close this section by giving the already mentioned example of Serrano of non-constant 
Clifford index and gonality. 

Example 4.3 (Serrano). Let S be a Del Pezzo surface of degree 1. Consider L := —nK$ 
for an integer n > 3 and let C be a smooth curve in \L\. If C passes through the base 
point x of | — Ks\, then Oc{—Ks — x) is a base point free g\_\ on C, otherwise Oq{— Ks) 
is a base point free g\ on C. Serrano shows that in both cases, these pencils compute the 



gonality and also the Clifford index (for more details see [Pa, Ex. (2.2)] and |Sq , Ex. (3. 15)]) 



We clearly see that in Serrano's example the only divisor class satisfying the conditions 
(f) for k = n- 2 is -K s . 

5. Exceptional curves 

We will in this section study the exceptional curves on a Del Pezzo surface. Clearly, on 
a Del Pezzo surface of type S n , all the strict transforms of the smooth plane curves are 
exceptional. The following is a non-trivial example of smooth curves of Clifford dimension 
3. 

Example 5.1. Let S ~ Sq and consider the line bundle L ~ —3Ks 6 - All the smooth curves 
in \L\ are of genus 10, and for any such C G \L\, we have h°(Oc(—Ks 6 )) = h (Oc{—Ks 6 )) = 
4, so Oc(— Ks a ) contributes to the Clifford index of C. We compute 

Cliff Oc(-K S6 ) = degOc(-K S6 ) - 2(h°(O c (-K Sfi )) - 1) = 3. 



CURVES AND LINE BUNDLES ON DEL PEZZO SURFACES 



19 



Now assume C is not exceptional of Clifford index 3. Then d := gonC < 5, and by 
Theorem (with the additional information of Proposition |3.7| ) there has to exist an 
effective divisor D satisfying D.L — D 2 = d and such that D is of one of the following 
types: 

(a) D 2 = 0, -D.K S6 = 2, 

(b) D 2 = 1, -D.K S6 = 3, 

(c) D~-K S6 , 

(d) D 2 = -D.K S6 = 4. 

In these four cases we get respectively D.L — D 2 = —3D.Ks 6 — D 2 = 6, 8, 6, 8, whence a 
contradiction. 

Hence all the smooth curves in \L\ have gonality 6 and Clifford index 3, which shows that 
they are exceptional. If the Clifford dimension of any such C is 2, then C is isomorphic 
to a smooth plane septic, and we easily get a contradiction from the genus formula of a 
smooth plane curve. So all the curves have Clifford dimension 3. 

We show in this section that the only exceptional curves on a Del Pezzo surface are 
precisely the strict transforms of the smooth plane curves and of the curves in the above 
example. 



First we need the following result, which is similar to [Pa, (0.5.1)], but weaker and 
extended to Del Pezzo surfaces of degree one. 

Proposition 5.2. Let S be a Del Pezzo surface and R a vector bundle on S generated 
by its global sections apart from a finite scheme of length n. Then there exists a globally 
generated vector bundle F such that det F = det R and 

(a) rki ? = rki? + n ; 

(b) C2(F) = C2(R) + m, n < m < In, 

(c) h°(F v ) = h°(R v ). 

Proof. We have an exact sequence 

— > V — ► H°(R) ®O s — > R — >S R — ► 0, 

defining V and Sr, and by hypothesis we have length Sr = n. 
Dualising this sequence and tensoring by us, we get 

— > R v u s — ► H°(R) V ®u s — > V v (g> u s — > e R ® u s — ► 0, 

where e R := £x.t 2 {S R , O s ). 

By Serre duality, the map H 2 (R V ®us) — > H°(R) V ® H 2 (us) is an isomorphism, whence 
the map H°(V V ®us) — > H°(£r ®us) is surjective. Since Ug has at most one base point, 
it follows that the map H°(V V ) — > H°(er) is surjective off this base point. More precisely, 
there is a torsion sheaf a only supported on this base point and an exact sequence 

H°(V V ) ®O s ^ H°(£ R ) ®O s ^(t^0. 

Clearly length a < n. 

Now we proceed analogously to [ G-L , (1.5)] and [Pa, (0.5.1)]. 

Assume first /i°(i? v ) = 0. Then, since V v is generated by its global sections, we can find 
a subspace W of H°(V V ) generating V v and sitting in an exact sequence 

— ► H°(R) V — » W — > H°(er) — » H°{a) — > 0. 

Now define F to be the dual of the kernel of the evaluation map W <g> Os — ► V y ■ By 
construction F is generated by its global sections. 
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Denoting by Q the kernel of the map V y — ► £r, we have a commutative diagram with 
exact rows and columns 



# v F v 

/ 

H°(R) V ® O s W ® O s 9 - H°(e R ) ® O s a 

>■ Q > V v >• £ R »- 

" 

0. 

Define a := g o /. By diagram-chase one easily sees that a' := cokera sits in a short 
exact sequence 

— > er — > a 1 — > a — > 0, 

so n < length a' < In. The properties (a)-(c) are then easy to check by the exact sequence 

— ► ,R V — >F V — ► H°(e R ) ®O s — > a' — > 0. 

If h°(R v ) > 0, we clearly have R = Rq © H where H is a trivial vector bundle and Rq 
is a vector bundle generated by its global sections away from a finite set and such that 
/i°(i?Q ) = 0. Then we can apply the previous construction to Rq. □ 

We now make the following assumptions: 

(*) Let Co be a smooth curve of genus g > 4 on a Del Pezzo surface. Set L := Os{Cq). 
Let A be a base point free line bundle on Co such that 3 < hP(A) < ^(A) (this 
implies deg A < g — 1) and u>c ® A y is base point free. 

As in Subsection |2.4] we get the vector bundle E := E(Cq, A), which is of rank h°(A) > 3. 
Since by ( |l~5| ) h°(E <8> cjs) > 0> we can find an invertible subsheaf — > M — > and after 
saturating, we can assume we have an exact sequence 

(37) — ► M — > E — >R — >t — y 0, 

where R is locally free of rank > 2 and r is supported on a finite set. 
Define D := deti?. We have 

Lemma 5.3. (a) h°(R v ) = h 1 (R v ) = 0, 
(b) D is non trivial and either D ~ —Kss or D is base point free. In particular h 1 (D) = 
h 2 (D) = 0. Moreover L~ M + D. 

Proof. Similar to the proof of jPa|, (1.12)]. □ 

For any C G \L\ we write Dc '■= Oc(D). 

Proposition 5.4. (a) h (Dc) is the same for any C G \L\, 

(b) D Co >A, 

(c) b^iPc) = h°(M®u s ) > for any C G \L\. 

(d) Cliff D c is the same for any C G \L\ and Cliff D c < Cliff A. 
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Proof. The statements (a)-(c) follow as in the proof of [Pa, (1.13)]. To prove (d), assume 



R is globally generated off a finite scheme of length n and apply Proposition |5.2j to find a 
globally generated vector bundle F satisfying 

(38) det F = D 

(39) rkF = vkR + n > 2, 

(40) c 2 (F) = c 2 (R) + m, n < m < 2n, 

(41) /i°(F v ) = 0. 

So F is of the form E(Qq, B, V) for some Do £ \D\, a line bundle B on Do such that B 
and Nd /s <S> B v are base point free and V is a subspace of H°(B) spanning H°(B) and 
such that 

(42) rkF = dimV < h°(B), 

(43) h°(B) - dim V = h 1 (F v ), 

(44) c 2 (F) = degB. 

If F> 2 > 0, then D is a smooth (irreducible) curve. If D 2 = 0, then F> ~ rS for a smooth 
(irreducible) curve £ and r := h°(D) — 1 > 1, and Do consists of the disjoint union of r 



distinct smooth (irreducible) rational curves Ei, . . . ,E r of self-intersection zero (see [G-L 
(1-4)]). 

In any case let Cliff .B = degB - 2(h°(B) - 1). 
We have 

(45) Cliff A > DM + Cliff B - 2. 
Indeed, 

Cliff A = c 2 (E) - 2(rk E - 1) by © and (§) 

= D.M + c 2 (-R)+lengthr-2rki? by© 

> D.M + c 2 (R) -2xkR 

= DM + c 2 (F) — m — 2(rkF — n) by © and © 

> DM + c 2 (F) - 2 rkF since m<2n 

> DM + degB- 2h°(B) by © and © 

D.M + Cliff B — 2. 
Grant for the time being the following 

Claim: (a) Cliff 5 = or 1, when D K Ss , 

(b) CliffS = -2(r - 1), for r := /i°(F») - 1, when D 2 = 0, 

(c) Cliff B > 2g(D ) - D 2 otherwise. 

If D 2 = 0, then by © and (b) of the claim: 

(46) Cliff A > D.L-2r. 
At the same time 

(47) h°(D c ) = h°(D) + h 1 (-M) > r + 1. 

Combining (gBJ) and @ we get the desired result Cliff A > Cliff D c . 
Assume now D 2 > 0. We have 

(48) h°(D c ) = h°(D) + M) > h°(D) = ±D.(D -K S ) + 1 = D 2 - g(D ) + 2, 
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whence 

(49) Cliff D c = D.L - 2(h°(D c ) - 1) § DM + 2g(D ) — D 2 - 2. 

If D ~ -iTs 8 , then /i°(£>) = 2, and since £>c > 4 and /i°(yl) > 3, we have h°(D c ) = 
h°(Dc ) > 3, so we have strict inequalities in (f48[ ) and (^9|). 

Now the result follows by combining (f45|), (f49|) and parts (a) and (c) of the claim. □ 

Proof of claim. If D 2 = and Dq = Ei + • • • + E r , then all the D{ are disjoint smooth 
rational curves and the line bundle B on Dq is the direct sum B = @Bi of line bundles Bi 
on Sj. Since both B and Nd /s ® B V are globally generated, it follows that Bi = for 
all i, so deg-B = and hP(B) = r and Cliff B = —2(r — 1) as asserted. 

If D ~ —Ks 8 , then g(Do) = 1 and since both B and Afoo/s ® are globally generated, 
we have S = (9 Do or 5 = A/" Do/5 , so Cliff S = or Cliff B = 1. 

In all other cases we have -K S .D > 2 by (P6), so 2c/(L> ) - D 2 = D.K S + 2 < 0. If 
-B is special, then Cliff -B > by Clifford's theorem. If B is non-special then by Riemann- 
Roch Cliff B = 2g(Do) — degB. Since Ndq/s ® is base point free, we must have 
deg-B < deg -N~d /s = D 2 and the result follows. □ 

We need the following easy 

Lemma 5.5. Let L be a nef line bundle on a Del Pezzo surface with g(L) > 4. Assume 
L + Ks ~ D\ + B>2 for two divisors D\ and D2 satisfying h°(Di) > 2. Then Oc{D\) and 
Oc(Di) contribute to the Clifford index of any smooth C G \L\ and 

Cliff O c (Di) = Cliff O c (D 2 ) < D X .D 2 , 

with equality if and only if h°(Oc(Di)) = hP{D,j) and h l {Di) = for i = 1, 2. 

Furthermore, if equality holds and there exists a smooth curve Co £ \L\ such that 
Cliff Co = D1.D2, then any (-l)-curve T with T.L = will satisfy (T.Di,T.D2) = (0,-1) 
or (-1,0). 

Proof. Prom the exact sequence 

_> k s - D 2 — ► D X — > Oc(Dx) — ► 0, 

h°(O c (Ih)) > /i (B>!) > 2 and ^(Ocpl)) > h 2 {K s -D 2 ) > h°(D 2 ) > 2, so that O c {D x ) 
contributes to the Clifford index of any smooth C G \L\. By symmetry we get the same 
result for D 2 . 

Now O c (D 2 ) ~ + Jf s - B»i) -w c ® O c ( J Di) v , so Cliff O c (-Di) = Cliff O c (D 2 ). 

One computes by Riemann-Roch on S: 

Cliff Oa(-Di) = D 1 .L-2(h°{O c (D 1 ))-l)<D 1 .L-2(h°(D 1 )-l) 
< D 1 .L-D 1 .{D 1 -K s ) = D l .{L-D l + K s ) 
= D X .D 2 . 

It is clear that equality holds if and only if /i°(0 c (A)) = h°(A) and ^(Di) = for 
i = 1,2. 

For the last statement, since —1 = T.{L + iCg) = r.Z?i + r.Z?2, assume by symmetry 
to get a contradiction that T.D\ > 0. Since —1 = I\(L + Ks) = T.D\ + T.D 2 , we get 
T.D 2 = -1 - r.B>i < -2. Clearly /i°(B>i + T) > h°(D{) > 2 and /i°(B> 2 — T) = /i (B> 2 ) > 2, 
so by what we have just shown Oc{D\ +T) contributes to the Clifford index of any smooth 
C G |X|, and 

Cliff e>c (£>i +r) < (a + r).(B» 2 -r) = d 1 .d 2 -2t.d 1 < amc , 
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a contradiction. □ 

We can now prove the following important result, whose proof is unfortunately a bit long 
and tedious and involves the treatment of several special cases. 



Proposition 5.6. Given the assumptions (*) and the exact sequence (31). Assume Cq is 
exceptional and that A computes the Clifford dimension of Co . 
Then h°(R®u s ) = 0. 

Proof. Assume that h {R <8> u>s) > 0. Then we can put R in a suitable exact sequence as 
in (|37|), namely 

(50) — ► P — ► R — ► R x — >t' — ► 0, 

where P is a line bundle such that P + K$ > 0, R\ is locally free of rank rkR—1 > 1 and t' 
is of finite length. Clearly Ri is globally generated off a finite set. Set Q := det R\. Lemma 

|5.3| applies for Q, which means that h l {Q) = h 2 (Q) = 0, Q > and either Q K s% or Q 

is base point free. 

Let C E \L\. We get from 

(51) 0^-M-P^Q^Qc^0 
that 

(52) h°(Q G ) = h°(Q) + 5, 
where we define 

(53) 5 :=h l {-M - P) = h 1 {L-Q + K s ). 

Clearly h°(Q c ) > 2 and also h l {Q c ) = h 2 (-M - P) = h°(L - Q + K s ) = h°(M + P + 
Kg) > 2, since M + P > —2K$, so Qc contributes to the Clifford index of any C £ \L\. 
From (|37| ) and ( |50| ) we get 

(54) 02(E) = DM + c 2 (R) + length t, 

(55) c 2 {R) = P.Q + c 2 {Ri) + length r' 
Case I: rki^i = 1. 

We have Q = R\ and rki? = /i°(j4) = 3. Furthermore, 

(56) Cliff Qc = Cliff A + 4 + k, 
where 

(57) k := —P.M + - length r - length r' - 25. 
Indeed, 

Cliff Q c = Q.L-2(/i°(Q c )-l) 

Q.L - 2(h°(Q) -l)-25 by © 

Q.L-Q.(Q-K s )-25 since /i 1 (Q) = 

Q.(M + P + K S ) -25 
= Q.(M + i^ 5 ) + c 2 (£) - DM - length r - length t' - 25 by (g) and © 
= —P.M + + deg 4 - length r - length r' - 25 by (|) 

= Cliff A + A-P.M + Q.Ks- length r - length r' - 25. 
Since A computes the Clifford dimension of Cq, we must have 

(58) k > -4 
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We now divide the proof in several subcases. 
Case I-a: P.M = 3. 

By (§§-p|) and (P6) we have Q K Ss , 6 = and Cliff Q Co = Cliff A Since 

h°(Qc ) = hr(Q) = 2, the curve Co is not exceptional, a contradiction. 
Case I-b: P.M = 2, Q.K S = -1. 

By ©)-(|58|) and (P6) we have Q ~ -K Sa , 5 = and Cliff Q Co < Cliff A + 1. As above, 
since Co is exceptional, we must have equality in the last inequality, whence by (|57| ) we have 
length r = length r' = 0. Since Q has one base point x, it follows that R is not globally 



generated by (|50|), whence by ( p7|) and Lemma [2.6| , we have that Co passes through x. 

Define the line bundle A' := Qc — x on Co- Then clearly A' contributes to the Clifford 
index of Co, hP(A') = 2 and Cliff A' = Cliff A, again contradicting that Co is exceptional. 

Case I-c: P.M = 2, Q.K S = -2. By ©-(H) we have 5 = length r = length r' = 0, 
h°(Q c ) = h°(Q) and Cliff A = Cliff Q Co = Q.{M + P + K s ) (the last equality follows by 
Lemma |5.5| ) . 



It is clear that Oc (P) contributes to the Clifford index of Co, and by Lemma [k5 

Cliff O 0o (P) < P(M + Q + K s ) = 2 + P.Q + P.K S 

(59) = Cliff A-Q.M -Q.Ks + P.Ks + 2 

= Cliff A - Q.M + P.K S + 4. 

The same reasoning works for M, so we get 

(60) Q.M < P.K S + 4 and Q.P < M.K S + 4. 
From (|54]) and (|55|), combined with degA < g(Co) — 1, we get 

(61) M.(M + K S ) + P.(P + K S ) + Q 2 > 2. 

Furthermore, since Qc computes the Clifford index of Co and Co is exceptional we must 
have 3 < h°(Q c ) = h°(Q) = \Q.{Q - K s ) + 1 = \Q 2 + 2, whence by the Hodge index 
theorem on Q and —K$: 



2 if S = S 8 or Q ~ -Ksr, 
4 iiQ~-2K s% . 



(62) Q 2 

If P 2 < 0, then P.K S < -2 by (P6), and by © we have Q.M < 2. If Q.M = 2, then 



Cliff Oco(-P) < Cliff A by (HD and h (0 Co (P)) = h°(P) = 2 by Lemma |J, contradicting 
the exceptionality of Co again. So Q.M = 1 and by the Hodge index theorem and ( |62|) 
M 2 < 0. But then M.K S < -2 and M.(L - M + K s ) = M.(P + Q + K s ) < 2 + 1 - 2 = 1, 
whence by Lemma [5l] and the fact that Co is exceptional, we must have M.K$ = —2, 
M 2 = 0, h°(O C0 {M)) = h°(M) and /i x (M) = 0. But then h {0 Co (M)) = 2 and Co (M) 
computes the Clifford index 1 of Co, contradicting the exceptionality of Co again. 

The same reasoning works if P 2 < 0. 

This means that P 2 ,M 2 > 1. 

If P K Sa , then Cliff A = Q.(M + P + K s ) = Q.M. At the same time, M.(P + 

Q) = 2 + M.Q, and one can show that M satisfies the conditions (f ) for k = 1 + M.Q. 



Since M clearly is not of any of the types (a)-(c) in Proposition 4.1, we have that all the 
smooth curves in \L\ have gonality 2 + M.Q = Cliff A + 2, whence Co is not exceptional, a 
contradiction. 

The same reasoning works if M ~ —Ks 8 . 

So P 2 ,M 2 > I and P.K S ,M.K S < -2. By @ we also have Q.M, Q.P < 2. 
We then easily see by the Hodge index theorem that the only solution to (|6l"D and 



(|6J) is M ~ P ~ Q and M 2 = -M.K S = 2. By (|5jD and Lemma ^ we get Cliff A 
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Cliff Co (M) = M.(2M+K S ) = 2. At the same time M.(L-M) = 2M 2 = 4, so M satisfies 
the conditions (f) for k = 3. Again M is not of any of the types (a)-(c) in Proposition 4.1, so 



all the smooth curves in \L\ have gonality 4, whence Co is not exceptional, a contradiction. 
Case I-d: P.M < 1. 

By combining Lemma 5.5 with (|56|)-(|58|) and (P6), and the fact that h l {Q) = 0, we get 
as above 



(63) Cliff O C0 (P) < Cliff A + 4 - Q.M + P.K S , 
whence as above 

(64) Q.M < P.K + 4 and Q.P < M.K + 4. 

As in case I-c we can show that P 2 ,M 2 > 1, which by the Hodge index theorem gives that 

M ~ P and M 2 = 1. By (M) we have Q.M < 3. If equality occurs then M K S g and 

Cliff e>c (M) = Cliff A by ©. By Lemma h (0 Co {M)) = h°{M) = 2, contradicting 
the exceptionality of Co- 

If Q.M = 2, then by (|6|) we have -M.K S < 2, whence M ~ P i^5 8 and by (||) 

again 

(65) Cliff O C0 (-K Ss ) < Cliff A + 1. 

Since —Ks s -L = —Ks 8 .(—2Ks s + Q) = 2 + 2 = 4, j — -K"s g | will induce a c/4 on every member 
of whence Cliff ^4 = 1 and Co is a smooth plane quintic, so deg^4 = 5 and g(L) = 6. 
Moreover, from ( |56| ) and (|)7]) we see that 5 = 0. 
We compute 

10 = L.(L + K Ss ) = (-2K S8 + Q).(-K Ss + Q) = 8 + Q 2 , 

whence Q 2 = 2. In particular, by Lemma 5^, Q is base point free, and so is Qc - 
Now g(Qo) = 1, whence Q > —Ks s and we have 

q ~ -^s + r, 

for a (— l)-curve T. So 

l ~ -3K Ss + r. 



Since Cq is a smooth plane quintic, it is well-known (see e.g. [Mai, Beispiel 4]) that we 
must have 

2 A ~ coco ~ (L + #s 8 )c ~ (-2^5 8 + r) Co , 
whence Oc (r) ~ 2y, for a point y G Co (since degOc , (r) = T.L = 2), and we have 

A~o Co (-Ks 8 ) + y~Q Co -y- 
Since /i x (Q) = 0, /i 1 (-2ET 5g + T) = and 5 = 0, we get from (B3) and (|3) that 



^°(Qco) = 5<3-(Q - Ks 8 ) + 1 = 3 = /iV), 

contradicting the base point freeness of Qc ■ 

If Q.M < 1, then either P ~ M ~ Q ~ -Ks 8 or M.i^s = -3. In the first case we 
get L ~ — 3Ks s , which belongs to the special case studied by Serrano and described in 
Example [4.3| , where none of the smooth curves in |L| are exceptional, a contradiction. In 
the second case, we get by Lemma [|[5] 

Cliff O co (M) < M.(M + Q + K s ) < 1 + 1 - 3 = -1, 

a contradiction by Clifford's theorem. 
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Case II: rk#i > 2. 
We have h°(A) > 4. 
By (§), ff, © and © 

(66) Cliffy = c 2 {E) - 2(rkE - 1) = D.M + c 2 (R) + length r - 2rki? 

(67) = D.M + P.Q + c 2 (R 1 ) -2rki?i - 2 + length r + length r' . 

Now i?i is globally generated off a finite set of length n > 0, and we can apply Proposition 
pT2| and find a globally generated vector bundle F such that det F = Q and 

(68) rkF = rk J Ri+n, 

(69) c 2 (F) = c 2 {Ri) + m, n<m<2n, 

(70) /i°(F v ) = ) = h°(R y ) = h°{E v ) = 0. 

So F is of the form E(Qq, B, V) for some Qo £ |Q|, a line bundle -B on Qo such that B 
and Nq /s §5 -B v are base point free and V is a subspace of H°(B) spanning H°(B) and 
such that ©-(H) are satisfied. 

As above, Qq is a smooth curve if Q 2 > 0. If Q 2 = 0, then D ~ rS for a smooth 
(irreducible) curve E and r := h°(Q) — 1 > 1, and Qo consists of the disjoint union of r 
distinct smooth (irreducible) rational curves £i, . . . , E r of self-intersection zero. 

We get 

Cliff A= D.M + P.Q + c 2 (F)-m-2(rkF-n) 
— 2 + length r + length t' 

> D.M + P.Q + degB -m-2h°(B) + 2n 

— 2 + length r + length r' 
D.M + P.Q + Cliff B-m + 2n 
—4 + length r + length r' 

> M.P + M.Q + P.Q + Cliff B - 4 



by (^), (1) and © 
by © and © 

since m < 2n. 



As in (|5^) we can prove by (pT|)-(p3[) that 
(71) Cliff Q c = Q.(M + P) + 2g(Q ) -2-Q 2 -25. 



The claim in Proposition 5.4 holds for B and Q, and arguing as in the sequel of that 
claim we get the two possibilities: 

(72) Q^-K Ss and Cliff A > P.M + Cliff Q c - 2 + 26, or 

(73) Q ~ -K Ss and Cliff ^ > P.M + Cliff Qc - 3 + 25. 

We see that we already get the desired contradictions if P.M > 2 in ( [72] ) and ii P.M > 3 
in (H). Also, if P.M = 3 in (^), we get Cliff A = Cliff Qc and fr*(Qco) = ^°(Q) = 
h°(—Ks s ) = 2, contradicting the exceptionality of Cq. 

So we will from now on assume that P.M < 2. 

Before we divide the rest of the proof in four special cases, we deduce the following 
important information: 

(74) h°(M + P + K S ) = ~M.(M + Kg) + ~P.(P + K s ) + M.P + 1 + 5 

(75) M.(M + Ks) < and P.(P + K s ) < 0. 
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Indeed, ( |74| ) follows by Riemann-Roch. For fl75D, assume now, to get a contradiction, 
that M.(M + Ks) > 2. Then /i°(M + K s ) > 2 and by Lemma |J, (P + Q) Co contributes 
to the Clifford index of Co, and 

Cliff (P + Q)c < (P + Q).(M + tf s ) = Q.(M + P + £T 5 ) -Q.P + P.(M + K S ) 
= Cliff Q c + 25 + M.P - Q.P + P.K S . 

By (0) and pi), we get 



^ riW4>/ Chff(P + Q)c-2 + Q.P-PK s , if Q^-ifss, 

1 j "l Chff(P + Q) c -3-2PK S8 , if Q ~ -^ 8 . 



If Q ^ -K Ss , (|76j) gives that Q.P - P.K S < 2, which means that either -P.K S = 2 and 
Q.P = 0, or -P.ifs = 1 and Q.P < 1. In the first case we get P.(M+Q+K S ) < 2+0-2 = 0, 
whence all the smooth curves in \L\ would be hyperelliptic by Lemma a contradiction 
on the exceptionality of Co- In the second case, the Hodge index theorem would give the 
contradiction Q ~ P ~ —Ks 8 ■ 

If Q ~ -i^, © gives that -PK Sg = 1, whence P K Sg by (P6). Since M.P = 

—M.Ks 8 < 2, the Hodge index theorem together with the assumptions M.(M + Ks) > 2, 
gives M ~ —2Ks 8 ■ Hence L ~ — 4K5 g . But this case belongs to the special cases of Serrano 
described in Example |4.3| above, where we saw that none of the smooth curves in \L\ were 
exceptional, a contradiction. 

This proves that M.(M + Ks) < 0, and by symmetry we obtain the same result for P. 

This shows (ff5|). 

Case Il-a: Q ^ -K Ss and P.M < 1. 

By (72), we have 5 = and by ( |74] ) and fl75|), we must have, by the Hodge index theorem 
again, M ~ P K Ss , since clearly h°(M + P + > 2. Now (|7l|) and (^) again give 

(77) Cliff ^ > Cliff Q c - 1 = -K Sa .Q - 1. 



But by Lemma |5.5| we have 

CM(-Ks 8 ) Co < -Ks 8 .Q, 



and since Co is exceptional we must have equality in (|77j), whence also in (|72|). From 
and (|50[) we deduce 



(78) t = t' 



and by part (c) in the claim in Proposition |5.4| , we have 

(79) Cliff B = 2g(Q ) - Q 2 = Q.K Sa + 2 if Q 2 > 0. 

As argued above, Co cannot pass through the base point of | — Ks 8 1, so by Lemma E is 
globally generated, whence by (|78|) , (|37|) and (|5^), we have that R and Pi are also globally 
generated. By Proposition \2 we can assume that F = R\. Therefore, by (|l5|), (^7|), (|50|) 
and ([78]), we get 



(80) h^B) = h°(Ri ®K Sa ) = h°(E ®K Ss ) - 2 = h l {A) - 2>2. 



So B contributes to the Clifford index of Qq and if Q 2 > we have by (76) and Clifford's 
theorem that Q.Ks s = —2. This last equality also holds if Q 2 = 0, whence by ( |77| ) we 
therefore get Cliff A = 1, so Co is a smooth plane quintic with h°(A) = 3, a contradiction. 
Case Il-b: Q + -K Sa and P.M = 2. 
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By (|72|) , we have 5 = and Cliff A = Cliff Qc , and by our assumptions that A computes 
the Clifford dimension of Cq we have, by using ([74]) 



4 < h°(A) < h^Qco) = h°(M + P + K S ) = X -M.{M + K s ) + ±P.(P + K s ) + 3, 
whence 

(81) M.{M + K S ) +P.{P + K S ) > 2, 



which is incompatible with 

Case II-c: Q K Ss and P.M < 1. 

We first show that both P 2 > and M 2 > 0. Assume to get a contradiction that P 2 < 0. 
Then P.(P + K s ) < -2 and by @ and fl7|), combined with /i°(M + P + K S ) >2, we get 
M.P + 5 > 2, and by (1731) we get 



Cliff A > Cliff Q Co - P.M + 1, 

and this gives us the only possibility P.M = 5=1. But then Cliff ^4 = Cliff Qc and 
by (52) we get h°(Qc) = 3 < h°(A), contradicting the fact that A computes the Clifford 
dimension of Cq. The same reasoning works for M, so we can conclude that P 2 > and 
M 2 > 0. 

By the Hodge index theorem we therefore must have P ~ M and M 2 = 1. If M ^ -K Ss , 
we have M.(M + K s ) < -2 and by (0), again combined with h°(M + P + K s ) > 2, we 
get 5 > 2. But then (|7^) yields the contradiction 



Cliff A > Cliff Q Co + 2. 

Therefore we have P ~ M ~ Q ~ ~Ks a and L ~ — 3i^5 g , again a case belonging to 
Example 4.2 above, a contradiction. 
Case Il-d: Q K Ss and P.M = 2. 

By (^) and the fact that Cq is assumed to be exceptional, we have 5 = and 

(82) Cliffy = Cliff Qc - 1 = -K Ss .(L + 2K S& )-1 = -L.K Ss - 3, 

where the middle equality follows from Lemma and the fact that 5 = 0. 
By assumption ^(A) > h°(A) > 4, so by <JTJ) and (|8^), we get 

8 < ff(L) + 1 - Cliffy = h.(L + K Ss ) + 2 + L.K Ss + 3 = ^L.(L + 3K Ss ) + 5, 
whence 

(83) L.(L + 3K Ss ) >6. 
But then one easily computes 

L.(L + 3^ 58 ) = (M + P-K Sa ) 2 + 3K S8 .(M + P-K S8 ) 
= M.(M + K Ss ) + P.(P + K S8 ) + 2, 



and therefore (^£j) is incompatible with (|75|). 

This finally concludes the proof of Proposition |5.6| . □ 

As an immediate consequence we get 



Corollary 5.7. Given the assumptions in Proposition 5.t and the exact sequence (37). 
We have 

D Co ~ A, h°(D Co ) = h°(D) and Cliff C = D.(L + K s - D). 
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Proof. Since h°(R ® us) = by the last proposition, we get by Proposition |5.4| (c) and 
tensoring the sequence (|37[) with u>s that 



h\D Co ) = h\M + K S ) =h°(E® u s ) ( i } h\A) > 3, 

whence Dc contributes to the Clifford index of Cq and we must then have Cliff A = 
Cliff Dc by Proposition |5,4| (d). Since we just saw that h}{D Co ) = h l (A) it follows from 
(|l|) that h°(Dc ) = h°(A) also. Since Dc > A and Dc is base point free (because it 
computes the Clifford index of Co), we must have Dq ~ A. 

Finally, since Cliff A = Cliff Dc , one easily sees that we must have equality in ( [47| ) and 
@, whence h°(D Co ) = h°(D) and by Lemma |j| Cliff D Co = D.(L + K s - D). □ 

Set r := hP(A) — 1, which is by assumption the Clifford dimension of Cq. We have then, 
by the last corollary, Riemann-Roch and the adjunction formula: 

(84) r = l -D.{D - K s ) = D 2 + 1 - g(D) = g(D) - 1 - D.K S . 

By JE-L-M-S] , Prop. 3.2] any pencil of divisors on Cq has degree > 2r. In particular, 
since h u (0 Co (-K s )) > h°(-K s ) > 2, we must have -K S .L > 2r = 2g(D) - 2 - 2D.K S , 
which yields 

(85) -M.K S > -D.K S + 2g(D) - 2. 

Now if g(D) > 2, we have h°(D + K s ) > 2, so by Lemma |j| ®c { D + K s) contributes to 
the Clifford index of Cq. Combining with (jS5[), we get the contradiction 

Cliff O C0 (D + K s ) <{D + K S ).M = DM + M.K S < DM + D.K S = Cliff C . 

Hence 

(86) g(D) < 1. 
By (|84|), this yields 

(87) r-{ D2 + l if 9( D )=0, 
(87) \ D 2 if g{D) = 1. 



Now define d := D.L and c := Cliff Cq = D.(L + K s - D). By [|E-L-M-S| , Lemma 1.1], 
the line bundle A = Dc is very ample, whence it embeds Cq as a smooth curve C of 
degree d and genus g in P r . Moreover, since H°(Dc ) — H°(D), we have the following 
commutative diagram, where we denote by $d and (t>D Co the morphisms defined by D and 
Dc respectively and set S' := 




We therefore have degS" < D 2 . By [|E-L-M-S| , Cor. 3.5 and Prop. 5.1], a curve of Clifford 



dimension r > 4 in P r of degree d and genus g with (d,g) ^ (4r — 3,4r — 2) cannot be 
contained in a (possibly singular) surface of degree < 2r — 3. By (^7j) we get 

deg S' < D 2 < r < 2r - 3 

(when r > 4). So we therefore must have 

(89) (d, g) = (4r - 3, 4r - 2) if r > 4. 

Now we make use of the following result: 
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Proposition 5.8. [E-L-M-S] Let C be a smooth curve of genus g, Clifford index c, Clifford 



dimension r > 3 and degree d in P r . Consider the following properties: 

(a) (d, g) = (4r — 3, 4r — 2) ( whence c = 2r — 3), 

(b) C has a unique line bundle A computing c, 

(c) A 2 ~ uc and A embeds C as an arithmetically Cohen-Macaulay curve in P r ; 

(d) C is 2r-gonal, and there is a one- dimensional family of pencils of degree 2r, all of the 
form \A — B\, where B is the divisor of 2r — 3 points of C. 

If r < 9, then C satisfies (a)-(d). 

In general, if C satisfies (a), it also satisfies (b)-(d). 

Remark 5.9. In | ]E-L-M-S| ] it is furthermore conjectured that any curve of Clifford dimen- 
sion r > 3 satisfies (a)-(d). 



By this result and (|8^) we have 
Lemma 5.10. Cq satisfies the conditions (a)-(d) in Proposition \5.Sj if r > 3. 

By condition (c) we have Oc (2D) ~ ujq q — Oc (L + Ks), so we have an exact sequence 

— >K S -2D — > L + Ks - 2D — > Oc — ► 0, 

from which we get h°(L + Ks — 2D) = 1. This means that 

(90) L + K s - 2D =: A > 0, 

where A.L = and A is only supported on (— l)-curves. 

Furthermore, from Lemma |5.5| and the fact that D is nef (Lemma |5.3| (b)), we must have 
A.D = 0, whence by (|90|) A 2 = A.Ks- Riemann-Roch therefore yields 



h\A) = h°(A) - iA.(A -K s )- 1 = 0. 

From the exact sequence 

— ► Ks — A — > 2D — ► O C0 (2D) — » 0, 

we therefore get 

(91) h°{2A) = h (0 Co (2D)) = h°{2D) = D.(2D - K s ) + 1 = 2r + D 2 + 1. 

By [ |E-L-M-S| , Cor. 3.4], we must have h°{2A) > 4r - 2 if r > 3. Combining @ and (0) 
yields 

4r - 2 < h°(0 Co (2D)) = 2r + D 2 + 1 < 3r + g(D), 

whence r = D 2 = 3 and g(D) = 1. 

We have therefore proved that an exceptional curve on a Del Pezzo surface has Clifford 
dimension 2 or 3. 

5.1. Curves of Clifford dimension 2. From (87), we see that D 2 = 2 if g(D) = 1. 



Hence c = D.L — D 2 + D.Ks = d — 4. On the other hand, by Proposition |3.9| , we have 
that the minimal gonality of a smooth curve in \L\ is < D.(L — D) = d — 2. Since D is not 



of any of the types (a)-(c) in Proposition 4.1 , all the smooth curves in \L\ have the same 



gonality, whence Cq has gonality d — 2, contradicting its exceptionality. So we must have 
(r,g(D),D 2 ) = (2,0,1). 

By Proposition 3. 10| we have that 4>jj is an isomorphism ouside of finitely many contracted 



(— l)-curves. In particular it is birational. 
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By the commutative diagram ( p8| ) with r = 2, we have that cpD : S — > P 2 is a blow up 
at finitely many points, which is equal to the number n(D). Clearly < n(D) < 8 and 

Let 

(92) TZ(D) = {T 1 ,...,T n{D) }. 
Since Dq is very ample, we must have 

n(D) 

(93) C ~dD-^2 a i T i> 

with all Oj = or 1. In other words Tj.L = or 1 for all i. This means that Dq is very 
ample for any smooth C G \L\, so all such are isomorphic to a smooth plane curve of degree 
d and are exceptional. 

5.2. Curves of Clifford dimension 3. From (87), we have D 2 = 3 and g(D) = 1, whence 
—D.Ks = 3. By the Hodge index theorem Kg < 3 with equality if and only if D ~ —Ks 6 - 
It is known from the results of G. Martens in [ Ma2| (and also contained in Proposition 



|5.8|(a)) that a curve Co of Clifford dimension 3 satisfies 

(94) g(C ) = 10, c := Cliff C = 3, d := D.L = 9 and (2D) Co ~ w Co . 

The Hodge index theorem gives 3L 2 = £> 2 L 2 < (D.L) 2 = 81, whence L 2 < 27 with 
equality if and only if L ~ 3-D. Since = 10, we have L.(L + Ks) = 18, and combined 

V 



with the Hodge index theorem KlL 2 < (L.K S ) 2 = [L 2 - 18) 2 , we end up with the following 



possibilities: 

(i) L 2 = 23, -L.K S = 5, Kg = 1. 

(ii) L 2 = 24, -L.K S = 6, Kg = 1. 
(hi) L 2 = 25, -X.i^s = 7, K 2 S = 1. 

(iv) L 2 = 26, = 8, Kg = 1, 2. 

(v) L 2 = 27, = 9, if| = 1, 2, 3 (Kg = 3 implying L ~ 3D 3K Se ). 

We now show that we can rule out the two first cases. 

Indeed, in case (i), the pencil | — Ks 8 \ will cut out a g\ on each member of \L\, in 
particular on Co, contradicting its exceptionality. 
In case (ii) we calculate 

X (L - 2D) = i(L 2 - 4L.D + W 2 - K S .L + 2D.K S ) + 1 = 1, 

whence either L - 2D > or K s - L + 2D > 0. But (K s -L + 2D).L = -12, and since L 
is nef, we must have L — 2D > 0. Since (L — 2D).Ks = 0, we must have L ~ 2D, but this 
contradicts (L — 2D).L = 6. 

We now consider the cases (iii)-(v). 

In case (iii) we calculate (L + K$ 8 — 2D) 2 = and (L + K — 2D).Ks 8 = 0, whence by the 
Hodge index theorem L ~ 2D—Ks 8 - We must have by Remark |3.8| that D ~ —Ks 8 +Ti+T2, 
with Ti,r2 G IZi(L), Ti.r2 = and 7Z(L) = 0. This means that we have 

(95) L~-3^5 8 + 2r 1 + 2r 2 , Ti,r 2 eKi(L), r!.r 2 = o, n(L) = $. 

In case (iv) we calculate (L + K s - 2D) 2 = Kg — 2 and (L + K s - 2D)(-K S ) = 2-K 2 s . 

If if| = 1, we calculate x(L + K Sg - 2D) = 1, whence either L + K Sa - 2D > or 
2D-L > 0. But the latter is impossible, since (-Kg 8 )(2D-L) = -1. So L+Kg 8 -2D > 0, 
and since (L + K Ss - 2D)(-K Sa ) = 1, we have L + K Sa - 2D ~ T for a T G K(L) , by (|~ 
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By Remark |3[8| we must have D ~ —K$ s + F x + I^, with Ti.r2 = 0, 1Z(L) = {ri} and 
T 2 G 1Z\{L). Therefore Ti = T and we have 

(96) L ~ -3K Sa + 3ri + 2T 2 , K(L) = {T x }, T 2 G K X (L), T X .T 2 = 0. 



If Kg = 2, then we get as in case (iii) that L ~ 2D — K$- By Remark 3^ again, 
D K Sr + T, with T G Tl x {L) and TZ(L) = 0. Therefore 

(97) L ~ -3^57 + 2r, Tg fti(L), ^(L) = 0. 

In the same way we can treat the case (v) and we leave it to the reader to verify that we 
end up with the following cases: 

(98) L ~ -3K Ss + 3T x + 3T 2 , K(L) = {T X ,T 2 }, T x ,T 2 = 0, 

(99) L ~ -3K S? + 3r, 7t(L) = {r}, 

(100) L ~ -3K S6 . 



We now claim that any smooth C € |L| for an L as in (|95|)-( |100| ) is exceptional. Note 
that all the smooth curves in \L\ for L as in (|95|)-(|99|) are strict transforms of some smooth 
curve in | — 3Ks 6 \ , for a blowing up of 5*6 in one or two points (in general position) , so what 
we claim now follows from Example 5J. above. 

We have therefore proved: 

Theorem 5.11. Let Cq be a smooth curve of Clifford index c and Clifford dimension r > 1 
on a Del Pezzo surface S. Let A be a line bundle computing its Clifford dimension. Set 
L:=Os(C ). 

Then Co is exceptional if and only if it is as in one of the following two cases: 

(a) There exists a base point free line bundle D on S satisfying 

(101) D 2 = 1, D.K S = -3, D.L = c + 4 and 

Ti.C < 1 for all T t G K(D) 

(the latter condition is equivalent to Dq being very ample for all C £ \L\). 

In this case r = 2, A ~ Oc (D) and 4>d '■ S — > P 2 gives the identification S ~ <S m (L) 
and maps every smooth curve in Os(C) to a smooth plane curve of degree D.L = c+4, 
whence all these curves are exceptional of Clifford dimension 2 and Clifford index c. 

(b) S ~ S n for n G {6, 7, 8} and 

n—6 

L ~ -3K Sn +J2 a i F ii T i = (-I)-cto, a, G {2,3}. 
i=l 

In this case r = 3, g(L) = 10, c = 3 and A ~ Oc (D), for 

n—6 

(102) L>:=-ifs n + ^ri 

i=l 

anc? aZZ t/ie smooth curves in \L\ are exceptional of Clifford dimension 3 and Clifford index 
3. 



This concludes the proof of part (c) of Theorem 1.1 



It is clear that after a change of basis of Pic S we can assume that that we have 

n 

L ~ dl — a i e ii a i £ {1j 2}, and D ~ /, 
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in case (a), and that we have 

6 n 6 

L ~ 91 — e i ~ — ai)ei, Oj E {2, 3}, and D ~ 3/ — 

i=l i=7 i=l 

in case (b). 

Remark 5.12. It is classically known that an exceptional curve of Clifford dimension 2 
and Clifford index c has a one dimensional family of pencils computing the gonality c+3, all 
obtained by projecting from points on the curve. One can see this in our concrete example, 
since for any x G C, we have h°(Dc — x) = 2 and deg(Z?c* — x) = D.L — 1 = c + 3. It also 
means that any pencil computing the gonality of C is of the form Dq — x for D a divisor 



satisfying (101) and x a point of C. 

By [Ma2| (see also Proposition |5.8| (d) above), a similar result is also known for an excep- 
tional curve of Clifford dimension 3, which in our case reads that any pencil computing the 
gonality of C is of the form Dc(—Z), where D satisfies ( |102[) and Z is a length 3 scheme 



on C where D fails to be 2-very ample (cf. the proof of Proposition Q). 

6. Conclusion of the proof of Theorem |i~T| 



We have left to prove that the case (c) in Proposition 4.1 is Case (III) in the introduction. 



We have to prove the numerical conditions, which follow by: 

Lemma 6.1. Let L be a base point free line bundle on a Del Pezzo surface of degree 1 such 
that g(L) > 2ko + 1 for an integer ko > 1. The following conditions are equivalent: 

(i) the only divisor satisfying (f) for k = ko is —Kg, 

(ii) —L.Ks = ko + 2, L is ample, L.C > ko + 2 for all smooth rational curves C with 
C 2 = 0, L.C > ko + 3 for all smooth rational curves C with C 2 = 1 if (ko, L 2 ) = (2, 8), 
and L.T > 2 for all (—T)-curves T if L 2 > 8. 

Proof. A divisor D satisfying (f) for k = ko must be of one of the types (a) or (b) with 
g(D) = listed in Proposition |3.7| , or of the form ( |35| ) with g(D) = 1. 

If there exists a (— l)-curve V such that T.L = 1, define D := — Kg+T and M := L — D = 
L + K s - T. If L 2 > 8, one easily computes h°(L - 2D) > \{L? - 3k - 6) + 1 > and 
L.D — D 2 = ko + 1, so D will satisfy the conditions (f) for k = ko- If L 2 = 7 (so that 
ko = 1), we find (—2K$ + T) 2 = (—2Ks +T).L = 7, whence by the Hodge index theorem 
L ~ —2Ks + r, and the only divisor satisfying (I) for k = ko is —Kg- 

So (i) is clearly equivalent to 

(103) -L.K S = k + 2, Lis ample, L.T > 2 for all (-l)-curves r if L 2 > 8, 
L.D > D 2 + ko + 2 for all smooth rational curves D with D 2 = or 1. 

We now show that the condition that L.D > ko + 3 for all smooth rational curves D 
with D 2 = 1, is redundant, except when L 2 = 8. 

Indeed, assume that there is such a curve D and that the conditions (ii) are given. Then 
the only divisors satisfying (f) for k = ko are —Kg and D. If (ko,L 2 ) ^ (2,8), then 
(ko,g(L)) ^ (2,3), whence by Proposition |3.7| all the smooth curves in \L\ are exceptional, 
and Ti.L < 1 for any Tj G 1Z(D). (Note that 1Z(D) ^ 0, since otherwise D is very ample and 
S ~ P 2 by Theorem 5.11| (a).) This clearly contradicts the conditions (ii), unless possibly 



if L 2 = 7 and Ti.L = 1 for all i. But we just saw above that in this case L ~ —2K$ + T for 
a (—1) -curve T, so clearly Ti.L = 2 whenever Ti^T. 

Therefore, the conditions (i) and (ii) above are equivalent. □ 
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This concludes the proof of parts (a) and (b) of Theorem 1.1. 



7. Pencils computing the gonality 



In Theorem 5.11 we described the line bundles A computing the Clifford dimension of 
smooth exceptional curves on a del Pezzo surface. In particular, we saw that such a line 
bundle is the restriction of a line bundle on the surface. 

We conclude this paper by describing the pencils computing the gonality of a smooth 
curve on a Del Pezzo surface. This will make some of the results of Pareschi more precise 



(see [Pa, Lemma (2.8)]), and extend them to Del Pezzo surfaces of degree 1. 

By Proposition |3.5| , if A computes the gonality of a smooth curve C on a Del Pezzo 
surface S, then there exists a line bundle D on S such that Oc(D) > A. Furthermore, 
if the gonality is the minimal among the smooth curves in \C\ (which is always the case, 
except possibly for the cases (I), (II) and (III) described above), the line bundle D has 



to be as in (a)-(f) of Proposition 3.7. Furthermore, by Proposition 3.7 and Theorem 5.11 
combined, if D is as in (e), then (gonC, g(C)) = (4,5), (3,4) or (6, 10). 

In the special cases (I), (II) and (III), if C has minimal gonality d— 1, then we have seen 
that D ~ —Ks 7 , D ~ —Ks s + T (where T is a (— l)-curve) and D ~ —Ks 8 respectively, 
and there are no other line bundles satisfying (t) for k = d — 2 by Proposition fO|. If C 
has gonality d, a careful analysis is needed. Denoting by A again a line bundle computing 



the gonality, by Proposition 3J3 there exists an effective divisor D' on S satisfying (I) for 
k = d - 1 (in particular D'.L - D' 2 < d) such that O c {D') > A. If D' / D, then we must 
have D'.L — D' 2 = d. We leave it to the reader to verify that D' must also be nef. 

We now treat the three different special cases and will find out that such a divisor D' 
does not exist in the cases (I) and (II), and that there are a few possibilities in case (III). 

Case (I): We have d = 3 and L 2K S7 . In particular -2K Sr .D' = D'.L = D' 2 + 3. 

Since L - D' > -K s , we have D.L < (L + K S ).L = 4, whence L.D' = 4, D 2 = 1 and 
—Ks 7 -D' = 2, a contradiction on the parity. 

Case (II): This case is similar to case (I) and left to the reader. 

Case (III): We have degS" = 1 and -L.K Ss = d>3. By (||) one sees that if g(D') > 2, 

then D' 2K Sa . One has d = D'L - D' 2 = -2K Sa .L - 4if| g = 2d - 4, whence d = 4. 

We have h°(D' c ) = 4 and degD' c = 8, so there exists an effective divisor Z of degree 4 on 
C such that A ~ D' c — Z. This implies that h°(D' ®l z ) = h°(A) = 2, so there are two 
distinct elements D\ and L>2 in |D| passing through Z. Since the only reducible elements of 
\D'\ are of the form H\ + H2 for Hi 6 | — Ks 8 \ and C does not pass through the base point 
of I — Ks a \, one easily sees that D\ and D2 must be reduced and irreducible, in particular 
they intersect properly. Since D\.Di = degZ = 4, we have Z = D\ n Di- 

Conversely, picking any two irreducible elements D\ and D2 in | — 2Ks 8 \ intersecting in 
4 distinct points and setting Z := D\ n D2, one sees from the exact sequence 

— >C-D l — >C®1 Z — ► {C-D 1 ) D2 ^0 

that |C <S)Iz\ is nonempty and has no base points off Z, whence from Bertini's theorem 
the generic member is smooth. For any such smooth C , the line bundle (— 2Ks 8 )c' — Z is 
then a g\. 

Assume from now on that g(D') = or 1. By computing Cliff D'q as in the proof of 
Theorem |3.7|, we leave it to the reader to check that we end up with only three possibilities: 



(1) g(D') = 0, D' 2 = 0, 

(2) g(D') = 0, D' 2 = l,d = 3 

(3) g(D') = 1, D' 2 = 2. 
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Summarizing, we obtain the following complete classification: 

Proposition 7.1. Let C be a smooth curve of genus g > 2 on a Del Pezzo surface and A 
a line bundle computing its gonality. 

(a) If C is of gonality d and not as in the cases (I), (II) and (III), then A is of one of 
the following types: 

(i) A = D c , for D 2 = 0, -D.K S = 2, 

(ii) A = D c - P, P any point of C, D 2 = 1, -D.K S = 3, 

(iii) A = (—Ks 8 )c — x, x base point of | — Ks s \, 

(iv) A = Dq — Z2, D 2 = —D.Ks = 2, Z2 a length 2 scheme where D fails to be very 
ample, K s < 2, 

(v) A = Dc — Z3, D 2 = —D.Ks = 3, Z3 a length 3 scheme where D fails to be 2-very 
ample, (d,g) = (3,4), (4,5) or (6, fO), K 2 S < 3, 

(vi) A = Dc — Z4, D 2 = —D.Ks = 4, Z4 a length 4 scheme where D fails to be 3-very 
ample, (d,g) = (4,5), K 2 S < 4. 

(b) If C is as in case (I) (resp. (II)), then A = (—Ks 7 )c — Z2 (resp. A = (—Ks 7 +T)c — 
Z2, with T a ( — \)-curve), with Z2 a length 2 scheme where —Ks 7 (resp. —Ks 7 + T) fails 
to be very ample if C is hyperelliptic; and A = (—Ks 7 )c — P (resp. A = (—Ks 7 +T)c — P) 
for any point P £ C if C is trigonal. 

(c) If C is as in case (III) and of minimal gonality d—l, then A = (—Ks 8 )c — x, where 
x is the base point of \ — Ks s \ ■ If C has gonality d ( equivalently C does not pass through 
x ), then A is of one of the following types: 

(i) A=(-Ks 8 )c, 

(ii) A = (—2Ks s )c — Z4, where Z4 has length 4 and Z4 = D\ U D2 for two distinct curves 
D\ and D2 in \ — 2Ks 8 \, 

(iii) A = D c , for D 2 = 0, -D.K S = 2, 

(iv) A = D c - P, P any point of C, D 2 = I, -D.K S = 3, d = 3, 

(v) A = Dc — Z2, D 2 = —D.Ks = 2, Z2 a length 2 scheme where D fails to be very 
ample. 
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